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Abstract 

For Lax-pair isospectral deformations whose associated spectrum, for given initial data, consists of 
the disjoint union of a finitely denumerable discrete spectrum (solitons) and a continuous spectrum 
(continuum), the matrix Riemann-Hilbert problem approach is used to derive the leading-order 
asymptotics as \t\ — > oo (x/t ~ 0(1)) of solutions (u = u(x,t)) to the Cauchy problem for the 
defocusing non-linear Schrodinger equation (D/NLSE), idtu + d^u — 2(|tt| 2 — l)u = 0, with finite- 
density initial data u{x,Q) =^±00 exp( i(1 ^ 1)9 )(l + o(l)), 9 E [0, 2tt). The D/NLSE dark soliton 
position shifts in the presence of the continuum are also obtained. 
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1 Introduction 

In direct detection systems making use of polarisation-preserving single-mode (PPSM) optical fibres, 
return-to-zero bright soliton (strictly speaking, soliton-like) pulses, which propagate in the anoma- 
lous group velocity dispersion (GVD) regime (wavelengths > 1.3/im in standard telecommunications 
fibres), have been shown to be effective toward the partial resolution of the deleterious problem of 
performance degradation caused by, for example, dispersive pulse spreading For coherent commu- 
nications systems, non-return-to-zero dark soliton pulses, which propagate in the normal GVD regime 
(wavelengths < 1.3/zm) and consist of a rapid dip in the intensity of a broad pulse of a continuous 
wave background, offer an analogous benefit ||, [|, Q]. 

A model for dark soliton pulse propagation in PPSM optical fibres in the picosecond time scale, 
which describes the slowly varying amplitude of the complex field envelope, u = u(x, t), in normalised 
and dimensionless form, is the Cauchy problem for the defocusing non-linear Schrodinger equation 
(D/NLSE) with finite-density, or non- vanishing, initial data [|, ||, ||, 



id t u+d 2 x u-2{\u\ 2 -l)u = 0, {x,t)eR x K, 
u(x,0):=u o (x) = exp(iii|i^)(l+ (l)) ) 

x — >±oo 



(1) 



where u (x) <E C°°(R), 9 € [0, 2tt) (see Eq. (3)), and o(f) is to be understood in the sense that, 
V(/c,()eZ^oxZ^o, \x\ k (j^Y (u (x) — exp ^ 1 ^ )) — x ~*±oo 0- It is shown in ^ that, for initial data 
satisfying \x\ k (-^Y (u D (x) — exp C^ 1 ^ )) — x - t ± 00 0, (k,l)£Z^QxZ^ Q , the closure of the set of soliton, 
or reflectionless, potentials of the D/NLSE in the topology of uniform convergence of functions on 
compact sets of K remains an invariant set of the model V t Sffi and not just for t = (see, also, Q). 

When (temporal) dark solitons are launched sufficiently close together in optical fibres, they inter- 
act not only through soliton-soliton interactions, but also through soliton-radiation-tail interactions. 
Such interactions manifest as a jitter in the arrival times of dark solitons, potentially resulting in their 
shift outside of some predetermined timing window and giving rise to errors in the detected infor- 
mation ||]. Physically, the optical pulse adjusts its width as it propagates along the optical fibre to 
evolve into a (multi-) dark soliton pulse/mode, and a part, however small, of the pulse energy is shed 
in the form of an asymptotically decaying dispersive wavetrain, manifesting as a low-level broadband 
background radiation (a continuum of linear- like radiative waves/modes). Modulo an 0(1) position 
shift due to cummulative interactions with other dark solitons and the (dispersive) continuum, the 
dark soliton pulse/mode maintains its robust/stable properties. From the physical and theoretical 
point of view, therefore, it is important to understand how the dark solitons and continuum interact, 
and to be able to derive an explicit functional form for this process, namely, to study the asymptotics 
as |t | — > oo (a;/i~0(l)) of solutions to the Cauchy problem for the D/NLSE with finite-density initial 
data having a (not the only one possible) decomposition of the form u Q (x) :=u so i(x)+u ra d(x), where 
u {x) satisfies the conditions stated heretofore, u so \(x) "generates" the multi- or TV-dark soliton com- 
ponent of the solution, and u r ad(aO is the "small" non-dark-soliton part giving rise to the dispersive 
component of the solution. In this paper, the leading- (0(1)) and next-to-leading-order (0(|£|~ 1//2 )) 
terms of the asymptotic expansion as |t| — ^ oo (x/t ~ 0(1)) of the solution to the Cauchy problem 
for the D/NLSE with finite-density initial data are derived: they represent, respectively, the JV-dark 
soliton component, and the dispersive continuum and non-trivial interaction/overlap of the TV-dark 
solitons with the continuum. 

Within the framework of the inverse scattering method (ISM) [j?], ||, ||] (see, also, JTo| ) , it is well 
known that the D/NLSE is a completely integrable non-linear evolution equation (NLEE) having 
a representation as an infinite-dimensional Hamiltonian system |ll], [l^]. Even though the analysis 
of completely integrable NLEEs with rapidly decaying, e.g., Schwartz class, initial data on K have 
received the vast majority of the attention within the ISM framework, there have been a handful of 
works devoted exclusively to the direct and inverse scattering analysis of completely integrable NLEEs 
belonging to the ZS-AKNS class with non- vanishing (as \x\ — >oo) values of the initial data [|l3| |lj, [l5| 
(see, also, 0). Other, very interesting classes of finite-density-type initial data for completely 
integrable NLEEs have also been considered @, [y| |(], ||, ||, ||, [|§ || |6[ |7[ |8[ [|| |cj |l[ f 



Within the ISM framework, the asymptotic analysis of the solution to the Cauchy problem for the 
DyNLSE with finite-density initial data is divided into two steps: (1) the analysis of the solitonless 
(pure radiative, or continuous) component of the solution; and (2) the inclusion of the iV-dark soliton 
component via the application of a "dressing" procedure to the solitonless background p3, LSiL B5L 
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|36| , |3^ |. The complete details of the asymptotic analysis that constitutes stage (1) of the two-step 
asymptotic paradigm above, which is quite technical and whose results are essential in order to obtain 
those of the present paper, can be found in |3^]: this paper addresses stage (2) of the above programme 
via the matrix Riemann-Hilbert problem (RHP) approach @, g ||, |o|, g || [£§ || [46], fTF) . It 
is important to note that, to the best of the author's knowledge as at the time of the presents, the 
first to obtain asymptotics of solutions to the Cauchy problem for the D/NLSE with finite-density 
initial data in the solitonless sector were Its and Ustinov (4^, |4{| . 

This paper is organized as follows. In Section 2, the necessary facts from the direct and inverse 
scattering analysis for the D/NLSE with finite-density initial data are given, the (matrix) RHP anal- 
ysed asymptotically as |<| — >oo (x/t ~ 0(1)) is stated, and the results of this paper are summarised 
in Theorems 2.2.1-2.2.4 (and Corollaries 2.2.1 and 2.2.2). In Section 3, an augmented RHP, which is 
equivalent to the original one stated in Section 2, is formulated, and it is shown that, as t — > +oo, 
modulo exponentially small terms, the solution of the augmented RHP converges to the solution of 
an explicitly solvable, model RHP. In Section 4, the model RHP is solved asymptotically as i-^+oo, 
from which the asymptotics of u{x,t) and f ±00 (\u(x' , t)\ 2 — 1) dx' are derived, and, in Appendix A, 
the — analogous — asymptotic analysis is succinctly reworked for the case when t — » — oo. In Appen- 
dices B and C, respectively, formulae which are necessary in order to obtain the remaining asymptotic 
results of this paper are presented, and a panoramic view of the matrix RH theory in the L 2 -Sobolev 
space is given Q ||, ||[ |(|. 



2 The Riemann-Hilbert Problem and Summary of Results 

In this section, a synopsis of the direct /inverse spectral analysis for Eq. (1) is given, the matrix RHP 
studied asymptotically as \t\ — >oo (x/f~0(l)) is stated, and the results of this paper are summarised 
in Theorems 2.2.1-2.2.4. Before doing so, however, it will be convenient to introduce the notation used 
throughout this work. 

NOTATIONAL CONVENTIONS 

(!) I=(o i) is the 2 x 2 identity matrix, = (g g ), a x = (? o )> °2 = ( ? q 1 ), and a & = ( o -l) are tne 
Pauli matrices, <7 + = (g J) and cr_ = (5 g) are, respectively, the raising and lowering matrices, 
sgn(x) :=0 if x = and x^l" 1 if x^O, and R± ±x>0}; 

(2) for a scalar w and a 2x2 matrix T, w^O^T :=u CT3 Tcj-< T3 ; 

(3) for each segment of an oriented contour T>, according to the given orientation, the "+" side 
is to the left and the "-" side is to the right as one traverses the contour in the direction of 
orientation, that is, for a matrix Aij(-), i,j's{l,2}, (-Ajj(-))± denote the non-tangential limits 
(Aij(z))±:=lim z >_ z A t j{z'); 

z> e ± side of T> 

(4) for a matrix Aij(-), {1, 2}, to have boundary values in the C 2 sense on an oriented contour 
T), it is meant that lim z > ^ z L, |_4(z')— (-4(z))±| 2 \dz\ =0, where \A(-)\ denotes the Hilbert- 

z' e ± side of T> 

Schmidt norm, \A(")\:=(%2 i j =1 Aij(;)Aij(')) 1 / 2 , with (•) denoting complex conjugation of (•); 

(5) for l^p<oo and T> some point set, 

C p M2{c) {V):^{f:V^M 2 (€)- \\f{-)\\c^ C) (p) ■= Uv \f(z)\" \dz\)^ <^}, 
and, for p = oo, 

^u 3 (C)(P)'-={9- £>^M 2 (C); \\g(-)\\cs lc) (v)-= max sup \gij(z)\ < oo}; 

(6) for D an unbounded domain of R, Sc(D) (respectively, Sm 2 (C) (D)) denotes the Schwartz space on 
D, namely, the space of all infinitely continuously differentiable (smooth) C- valued (respectively, 
M2 (C)-valued) functions which together with all their derivatives tend to zero faster than any 
positive power of | • l^ 1 as | • | -> 00, that is, S C (D) := C°°{D) n {/: D -► C; ||/(-)Hw := 
sup xm \x k (£) l f(x)\ < 00, (k,l) G Z^o x Z^o} and S M2(C) (D) := {F: D -» M 2 (C); Fy(.) G 
C°°(D), i,j G {1,2}} n {G: D - M 2 (C); ||Gy(-)lki := max ye{u) su P:ceR |^ fe ( ^ (^) I < 
00, (fejOeZ^oXZ^o}, and Cg°(*) :=n£L C§(*); 
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(7) for D an unbounded domain of R, S}.(D) :=S C {D) n ||M")IU°°(.d) : =sup zeD |/i(z)| <1}; 

(8) ||^(Olln peJ ^ 2CC)W :=E peJ r(Olk 2(C) W,withcard(J)<oo; 

(9) for (ti,?)eMxR, the function («-/x) ii/ : C\(-oo,/i)->C: • i^e i51n ( , ~^, with the branch cut taken 
along (— oo, /i) and the principal branch of the logarithm chosen, ln(»— //) :=ln|« — zx|+i arg(»— /x), 

arg(»-A t )e(- 7r , 7r ); 

(10) a contour, 2?, say, which is the finite union of piecewise-smooth, simple, closed curves, is said to 
be orientable if its complement, C\T>, can always be divided into two, possibly disconnected, 
disjoint open sets 13 + and 15~ , either of which has finitely many components, such that T> admits 
an orientation so that it can either be viewed as a positively oriented boundary T> + for 15 + or 
as a negatively oriented boundary V for 0~ Q, i.e., the (possibly disconnected) components 
of C \ T> can be coloured by + or — in such a way that the + regions do not share boundary 
with the — regions, except, possibly, at finitely many points [ [f6| ; 

(11) for 7 a nullhomologous path in a region DcC, int(7) 2) \ 7; ind T (£) := J 7^0}. 
2.1 The RHP for the D/NLSE 

In this subsection, the main results from the direct/inverse scattering analysis of the Cauchy problem 
for the D/NLSE are succinctly recapitulated: since the proofs of these results are given in f38fl , only 
final results are stated. 

Proposition 2.1.1. The necessary and sufficient condition for the compatibility of the following linear 
system (Lax-pair), for arbitrary £gC, 

a B *(i J *;C)=W(i J *;C)*(a;,t;0» Wx,t; = V{x, t; Q9(x,t; 0, (2) 

where 

U(x,t;Q=-i\(()<r 3 +(° °), 

v(*,«)=-2i«o>v J+ 2A«)(» ;)- I («5i 1 „*",)«. 

cmd A(£) = i(£+£ _1 ), withd*(,=0, *£{x,t}, is that u — u(x , t) satisfies the D /NLSE. 

One proves Proposition 2.1.1 via the isospectral deformation condition (<9*£ = 0, * £ {x, t}), and in- 
voking the Frobenius compatibility condition, dtd x ^(x, t; ()=d x dt'^{x, t; Q=>d t U (x, t; ()—d x V(x, t; 
+ [U(x,t; Q,V(x,t; ()} =0, £ 6 C, where [A, 23] :=A r B — 'BA is the matrix commutator (note that 
tr(W(x,i;0)=tr(V(x,i;0)=O). 

Remark 2.1.1. Note that, if u(x,t) is a solution of the D/NLSE with $(x, the corresponding 
solution of system (2), #(x,i;0Q(O, with Q(()eM 2 (C), also solves system (2). 

The ISM analysis for the D/NLSE is based on the direct scattering problem for the (self-adjoint) 

operator (cf. Proposition 2.1.1) O v := icr^dx — ( 2 ^-S "* wT^f-i-,')) where u(x, 0) :— u (x) satisfies 

u (x)= x ^ ±00 u (±oo)(l+o(l)), with Uo (±c»):=exp(ffi^), t9e[0,2^) (sec Eq. (3)), u (x) € C°° (M), 
and u Q (a;) — u (±oo)GiSc(IR±). 

Definition 2.1.1. Lei w(x, t) 6e the solution of the D/NLSE with u(x, 0) :=u {x) = x ^±co w (±oo)(l+ 
0(1)), where u (±oo) :=exp( i(1 ^ 1)e ), <9<E[0,27r) (see Eq. (3)), it (x) £ C°°(R) ; and u c (x) -u (±oo) £ 
<Sc(R±). Define ^^(x, O;0 as the (Jost) solutions of the first equation of system (2), Vl i f± (x, 0; Q = 
0, with the following asymptotics: 

* ± ^°;C)_= oo (e^ CT3 ( iC i 1 - i f 1 )+ (l))e- ife K)-3 j 
w/iere fc(C) = ^(C-C 1 )- 
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Corollary 2.1.1. Let u{x, 1) be the solution of the Cauchy problem for the D^-NLSE and ^(x. t; £) the 

corresponding solution of system (2) with the asymptotics stated in Definition 2.1.1. Then ty(x,t;£) 

satisfies the symmetry reductions ai^f(x, t; cti —^(x, t; £) and ^(x, t; C _1 ) — C^{ x j t> C)°~2- 
Proposition 2.1.2. Set ^(x, 0; C) := ( *|g *|g ) . Then ^ anaJy«c 

continuation to C+ (respectively, an( ^ (*~ 2 (C)) ^ al;e ana ^V^ c continuation to C_), £/ie mon- 

odromy (scattering) matrix, T(£), is defined by ^~{x, 0; £) :=\& + (:r, 0; C)T(£), Im(C) = 0, w/iereT(£) = 



, ^a(o=(i-c- 2 )- 1 (*i(c)*n(c)-*i(o*ji(0), 6(0=(i-c- a )- 1 (*i(0*2 l (0- 

6(C) "(0 , 



*i"2(0*ri(0), |a(C)| 2 -|6(C)| 2 = E a(r 1 )=a(C), 6(r 1 ) = -&(C) 7 anddet^^O^ii^. 
Corollary 2.1.2. Le£ £/ie reflection coefficient associated with the direct scattering problem for the 
operator O v be defined by r(£) :=&(C)/ a (0- Then r(( t ~ 1 ) = —r((). 



Remark 2.1.2. Note that, even though a(C) (respectively, a(C)) has an analytic continuation off 
Im(C) = to C+ (respectively, C_) and is continuous on C+ (respectively, C_), 6(C) does not, in general, 
have an analytic continuation to C\R. Furthermore, for the finite-density initial data considered here, 
it is shown in jl4j that, using Volterra-type integral representations for the elements of v I' ± (a;,0;C) 
and a successive approximations argument, r(£)€iSc(R) (see, also, Part 1 of p2[). 

Lemma 2.1.1. Letu(x,t) be the solution of the Cauchy problem for the D /NLSE and v I /± (a;, 0; C) the 
corresponding (Jost) solutions of O v '$> ± (x, 0; C) = given in Definition 2.1.1. Then ^ ± (x, 0; C) have 
the following asymptotics: 

t«„ / 1 /'if (l«o(i:')| 2 -l) da:' -m (a;)o- i8 \ , 9 A ;U «,„ 

V '^f-XX) \ <> \ 1U (X)C 1 *> -l/jfocdM* )l *-l)dx' J ^ 

v / 1 /if (l«o(2:')| 2 -l) da:' -ht (a:) \ , ,A 

v w c-^°°\ \ ™ o(:e) -'/Taad""^ )i -i)dx'y vs y y 

*~(s,0;C) = (c-Vae-* aa +O(l))e- ifc ^" os , *+(a;, 0; Q = Q (C 1 CT 2 +0(l))e- ife ^ CT3 . 
Corollary 2.1.3. XTie following asymptotics are valid: 



r(C) = OiC 1 ), r(C) = O(C); 

£ — » OO C - * 



to particular, r(0) = 0. 



In |Q it is shown that, for u(x,0) := ti (a;) satisfying u G (x) — x —>±oo w (±oo)(l + o(l)), with 
u D (±oo) := exp( i(1 ^ 1)e ), 9 € [0, 2tt) (see Eq. (3)), u Q (x) £ C°°(M), and u G (x) - u {±oo) e 5 C (M±), 
(700 := spec(O v ) — ad U <r c (ct^ n cr c = 0), where cr^ is the finitely denumerable "discrete" spectrum 
given by a d = A a U A^, where A a a(C)lc= Cn =0, cr„ = e i *», </>„e(0,7r), n€ {1, 2, . . . , iV}}, with 



i V-00 A* ^ 7r 

n=l 



and A a n A a = (card(<Jd) = 2iV), and a c is the "continuous" spectrum given by a c — {(; Im(C) = 0}, 
with orientation from — oo to +oo (caid(a c ) =oo). Furthermore, it is shown in ]3§[ ] that, for r(C) G<S^(R) 
and|r(±l)|^l, 

a(s + 1£) eTo (l-|r( S )P)^,) SG{±1} ' 



6 



A. H. Vartanian 



where P.V.J denotes the principal value integral, with n± real, possibly zero, constants, and (trace 
identity) 

/+oo jV p+oo 

(| U ( 2 ;',i)| 2 -l)dx' = -2^sin(0„)- / \n(l-\r(ri\ 2 )^. (4) 

The "inverse part" of the ISM analysis is invoked by re-introducing the ^-dependence, namely, 
studying the dt^(x, t; () = V(x, t; Q^(x, t; component of system (2). The scattering map (S) u (x) i— > 
r(£) = 3l(u (-)), which is a bijection for u (x) satisfying the finite-density initial conditions and 
r(C) S 6>p(]R), linearises the D/NLSE flow in the sense that, since a(£,i) = a{Q is the "generator" 
of the integrals of motion and 6(£, t)=b(Q exp(4ifc(£)A(£)i) ]l2| [, r((, t) :=b((, i)/a(£, t) evolves in the 
scattering data phase space according to the rule r(£, t) = r(() exp(4i/c(C)A(()i). Set p8[ 



(O *i 2 (a=.t;C) 



*21^.^Q , T ,+ 



»(<) 

*+(a:,i;C) 



CeC+, 



with \E ,± (x, i; C) the solutions of system (2): t; £) has the asymptotics 

^«) ( ^(i + i( ,, «^-'^^,^.,^)*o ( r')).-»«<H»»<o.^, 

Lemma 2.1.2 ([[38|). £e£ u(x,t) be the solution of the Cauchy problem for the D/NLSE with finite- 
density initial data u{x, 0) := u {x) = x _>±oo u (±cxd)(1 + o(1)) 7 where u (±oo) :— exp C 1 - 1 ^ 1 ^ ) , 0^6 = 
-2EnliBin(i)-/. + r '"(i-Kp)I 2 ) d^ <2 ^ Uo(:r)e c-(R) 7 and u (x)-u (±oc) eS c (R ± ). Set 

m(x, t; C) := t; C) exp(ifc(C)(x+2A(C)i)^)- 

Then: (I) £/ie bounded discrete set ad is finite; (2) the poles of m(x,t;C) are simple; (3) the first 
(respectively, second) column of m(x,t; £) has poles in C+ (respectively, C_) ai {^n}^ =1 (respectively, 
( 4 ) t; C) : C \ (cr d U ct c )->M 2 (C) sofoes t/ie following RHP: 

(%) m{x,t;C0 is piecewise (sectionally) meromorphicy £gC\<t c ; 

(m,) m±(a;, i; £) :=lim m{x,t;C l ') satisfy the jump condition 

±lm«')>0 

m+(x, t; C) =m_ (x, t; C)£(z, i; C), C e M, 

w/iere ^(x,i;C) = exp(-ifc(C)(x + 2A(C)0ad(a 3 ))( 1+r( ^{ rl) ^P)' anrf K0> the reflection 
coefficient associated with the direct scattering problem for the operator O v , satisfies r(()= 
0(0, riO^ooOiC 1 ), r ((- 1 ) = -HZ), and r(0G S£(R); 

(raj /or i/ie simple poles of m(x,t; £) at {<? n }^ = i a^rf {^n}^Li, iaere exist nilpotent matrices, with 
degree of nilpotency 2, such that m(x, t; £) satisfies the polar conditions 

Res(m(x,t;();<; n ) = lim m(x, t; Qg n {x, i)cr_ , rt€ {1, 2, . . . , N}, 



Res(m(a;, i; C); Tn) = <7iRes(m(a:, i; C); Sn) ne{l,2, . . . .N}, 

where g n (x,t)=g n e'xp(2ik(^ n )(x + 2X(^ n )t)), with 

I I W, / -A f ifl /- + °° ln(l-|r( M )| 2 ) d/zN^^n-ft^ , 
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(iv) det(m(a;,t;C))|c=±i=0; 

(v) m(x,i;C)=c-or 1 ^2 + 0(l); 
(vi) m(x,t;0= c -« I+O^ 1 ); 



fwj m(a;,t;C) possesses the symmetry reductions m(x,t;() — aim(x,t;Q <j\ andm(x,t;( 1 ) = (m(x, 



For r(C) G<S^(R).' (i) the RHP for m(x,t; £) formulated above is uniquely asymptotically solvable; and 
(ii) <&{x, i; £) = m(x 1 1; £) exp(— ifc(£)(a;-|-2A(£)t)<73) solves system (2) w«i/i 



Remark 2.1.3. In this paper, for r(£) G 6>,J(R), the solvability of the RHP for m(x,t;() formulated 
in Lemma 2.1.2 is proved, via explicit construction, for all sufficiently large \t\ (x/t ~ 0(1)): the 
solvability of the RHP in the solitonless sector, (7^ = 0, for G S^(M), as \t\— >oo and |cc|^oo such 
that z :=x/t~0(l) and GR\ {-2,0,2}, was proved in |8). 

2.2 Summary of Results 

In this subsection, the results of this work are summarised in Theorems 2.2.1-2.2.4: before doing so, 
however, the following preamble is necessary. Recall from Subsection 2.1 that <; n :=e Ic ^™, <f> n G (0, 7r), 
ne {1, 2, . . . , N}. Set <; n :=£„ + i?7„, where £ n =Re(? n ) = cos(0 n ) G (-1, 1), and r\ n = Im(<; n ) = sin(^ n ) G 
(0, 1). Throughout this paper, it is assumed that: (1) ^ £j V i 7^ j G {1,2,..., TV}; and (2) the 
following ordering (enumeration) for the elements of the discrete spectrum (solitons), ad, is taken, 

a>6>--->6v- 

Remark 2.2.1. Throughout this paper, the "symbols" c 5 (0), c(b, \\, jj), c(zi, z 2 , Z3, Z4), c(»), and c, 
appearing in the various error estimates, are to be understood as follows: (1) for ±^ > 0, c s (<0>) G 
5 C (R±); (2) for ±b>0, c(M,|[e^(R±xC*xC*), where C*:=C\{0}; (3) for (zi,z 2 )gR± x R±, 
c(zi,z 2 ,z 3 ,Z4)G/:g D (R|xC*xC*); (4) for ±«>0, c(«)G£g D (D±), where D + :=(0,2) and D_:=(-2,0); 
and (5) cG C*. Even though the symbols c 5 (<)), c(b, t], (t), c[z\, Z2,z%, Z4), c(»), and c are not, in general, 
equal, and should properly be denoted as ci(-), c 2 (-), etc., the simplified notations c 5 ({», c(b, !],))), 
c(zi, ^2,^3,24), c(»), and c are retained throughout in order to eschew a flood of superfluous notation 
as well as to maintain consistency with the main theme of this work, namely, to derive explicitly the 
leading-order asymptotics and the classes to which the errors belong without regard to their precise 
^-dependence. 

Remark 2.2.2. In Theorems 2.2.1 — 2.2.4 below, one should keep, everywhere, the upper (respectively, 
lower) signs as t— >+oo (respectively, t— >— 00). 

Theorem 2.2.1. For r{C) G 5p(M), let m(x,t;^) be the solution of the Riemann-Hilbert problem 
formulated in Lemma 2.1.2. Let u(x,t), the solution of the Cauchy problem for the D/NLSE with 
finite- density initial data u(x,0) :— u a {x) — x ^±oc w (±oo)(l + o(l)), where u Q (±oo) := exp C^ 1 ^ 1 ^ ), 



0<fl = -2£n=iSin(^ n )-/+~ '"(i-Kp)I ) ^ <2 tt, Uo (x)GC°°(R), and u (x)~u (±oo)eS c (R±), be 
defined by Eq. (5). Then, for 6 lm G {±1}, mG {1, 2, . . . , N}, as t-^±oo and x~+^foo such 

that z :—x/t<—2 and (x, t) G {(x, i); x + 2t cos(0 m ) = 0(1), m G(O, n)}, 



u(x,t):=i lim {((m(x, t; C)-I))i2 



(5) 



{ec\(<T d u<T C ) 

the solution of the Cauchy problem for the D^NLSE, and 




(0) 



u(x, t)=c 



+ 



( ( c 5 (A!)c(A 2 , A 3 , A 4 ) c 5 (A 2 )c(A 1; A 3 , A 4 ) \ 
y\ y/X^ + 32) V A 2(^ 2 + 32) ) 





(Xi-X 2 )t 



(u c (x,t)+u S c(x,t)) 



In |i| 



) 



) 



(7) 
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where 



■(J> 



pXi 



— oo J A 2 



ln(l-|r(^)| 2 ) d/x 



//,' 



2- 



, je{o,i}, 



A^-^oi-fo?-^ 1 / 2 ), A 2 = Ar\ A 3 = -A(a 2 -i(4-a 2 ) 1/2 ), a 4 = a 3 , 
a 1 = i(z -(z 2 + 32) 1 / 2 ), a 2 = ±(z + (z 2 + 32) 1 / 2 ), 

0<A 2 <Ai, |A 3 | 2 = 1, oia 2 = -2, 

AT ro-1 

s+ = 2 ^ fl -=2^^, i/(z) = -£lii(l-|K*)| 2 ). 



k—m+l 



fe=l 



u 5 (a;,t): 



l+e 6 eye" 



-2i0 m +O ± (a;,t) 



(l + Ebeye^^*)) 



I I t-t 1 sin(i(0 m + (/) fc )) \ / -JX- sin(^(0 m + fc )) 
SA " 1 1 ii sin(i(0 ro -^))^ fe ii +1 sin (i(0 m _^)) 



N—m 



Q ± (x,t)=-2sin((p m )(x+2t cos(0 m )-£^), 

sin(i(^ m +^ fc )) 



f± = MhU) sgn(m-fc) ^ 



2sin(0 m ) ^ 2sinf 

A 2 f+oo /-O 



±- 



J\i 



sm{\{cj) m -cj) k )) 



'a 2 / (M 2 - 2 A lc os(0 m ) + l) 2tt' 
u c (x,<) = ie is± (A 1 eT i (e ± K,t)±(2Ti)f) + A2e ±i(e±(, , t)± (2 T i), 



8 ± (z ,i)=±argr(A 1 )±4 £ arg(A 1 -e i0fc )-ar g r(h/(A 1 ))±i(A 1 -A 2 )(z o + A 1 +A 2 
+ KAi)ln|t|+3^(A 1 )ln(A 1 -A 2 ) + i^(A 1 )ln(z 2 + 32) T S ± (A 1 )±iS ± (0), 



1 



— oo ./A 2 / 
A 2 r+oo 



H ~W=~(^/ + 7 A )ln|M-^|dln(l-|r( M )| 2 ), 
E feG j+ : =Ef=m+i> Ejfcej- —EfeTi 1 ' r (') * s </le 5 am ™ a function Q, and 



wsc (M) = X! u sc (M) , 



fc=i 



with 



Usc&'t) = -2ieb£s> csc(</> m )sin(s ± ) 008(6* (z ,i)±(2Tl)f)sinh(fi ± (x,t)), 



-(2) 



2sin(0 m )sin( S ± ) N )cos(e ± (z o ,i)±(2Tl)f)e n± ( a; ^ 
4ie;,ej>A 2 sin(<£ w ) sin(s ± )e° ± ( a; ' t ) 



(((Ai+Aa) cos(<?i m )-2) cos(6 ± (z , t) 



(A 2 -2A lC os((/) m ) + l) 2 
±(2Tl)f)±(A 1 -A 2 )sin(0 m )sin(e ± (z o ,i)±(2Tl)f)), 
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U 5C ( x > 



2ie fc gyAicos(0 m )e o± ^> 
(Af-2Ai cos(0 m ) + l) 



(2cos(s ± - ( /» m )cos(e ± (z ,t)±(2Tl)f)-(A 1 + A 2 ) 



cos(s ± ) cos(e ± (0 o , i)±(2Tl)f)T(Ai-A 2 )sin( S ± )sin(e ± (z ,t)±(2Tl)f)), 



(!_ e 2n±(x,t)) 



cos(e ± (z o ,t)±(2 T l)f)(c- is± +cos( S ± -0 m )e^+^ ± ^ t )), 



4£yAisin(<^ m )e a± ( 3! '*) 



.((e fi± (^*)(l+e fc £g>cos(0 m )e- i ^+ fi± (^*))) 



( 1 _ e2 n± (a; ,t))( A 2_2A 1 cos(0 m ) + l) 
x (-2£ycos(s ± - ( / )m )cos(e ± (z ,t)±(2Tl)|) + ey(Ai + A 2 )cos(s ± )cos(e ± (z ,i) 

± (2 T l)f )±eo>(Ai- A 2 ) sin(s ± ) sin(e ± (z , i)±(2 T l)f )) + (l-e&eb>e n±(Xlt) ) (2ie b 
x sin(s ± -< ? i m )cos(e ± (zo,i)±(2Tl)f)-ie( ) (Ai + A 2 )sin( S ± )cos(e ± (z ,t)±(2Tl)f) 
±iefc(Ai-A 2 )cos( S ± )sin(e ± (z ,i)±(2Tl)f))) , 



i^-A^sin^sinte^t^Tl)!))^ 



x cos(s ± )) . 



For the conditions stated in the formulation of the Theorem, as t — > ±00 and a; — > ±00 smc/i i/iai 
z >2 and (a;,t)e{(x,i); a;+2icos(0 m ) = (9(l), m e(-7r,O)}, 



n(x, t) = 



- i W ± ( 1 ) + ' ± )^« 5 (x,t) + - 



+ 



V#«) (^+32)V4 
'^(NgJc^.Ni.Na) , c 5 (K 4 )c(K 3 , K 1; N 2 ) \ In |t| 



(n c (a;,i)+nscOM)) 



where 



VI^|(^ 2 + 32) y /(H 3 -H 4 )t / 
^ 4 ^In(l-KA*)| 2 )d/i 



00 JK 3 / M' 
H 3 



j£, J €{0,1}, 



«4 



+0 °\ln(l-|K^)| 2 ) 



2tt 



, /G{0,1}, 



Hi = -i(a 1 -i(4-a 2 ) 1 /2), ^2 = ^, K 3 - -±(a 2 - (a 2 -4) 1 / 2 ), 
K 4 <K 3 <0 7 |H 1 | 2 = 1 ; 

~ = ^T r 1 (-sin(l(^ m + fc ))) \/ " (-sin(|(0 ro +0 fc ))) \" 

£y vlM sm(i(^,-0 fc )) /Li+i sm(|(^,-0 fc )) ; 

^5 * (x , i ) = - 2 sin (0 m ) (x + 2t cos (</> m ) - x± ) , 



K 4 = Hg 



m— 1 



(21) 

(22) 
(23) 
(24) 

(25) 

(26) 
(27) 



N 



sgn(m — fe) 



1 2sin(0 m ) ^ 2sin(, . 

± 1 / /-°_ r N3 _ r 

2 W-00 -/n 3 J Hi JO 



In 



sin(§(0 m +0 fe )) 



sin(|(0 m -0 fe )) 

ln(l-|r(//)| 2 ) 
(/i 2 + 2 A icos( ( /)„ l ) + l) 2tt' 



(28) 



u c (x,t) = ie is± (H 3C ±i (* ± (--*)±( 2 Ti)f) + H 4 e^(* ± ^.*)±( 2 Ti)f)) ; 



(29) 
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$ ± (z ,i)=±argr(H 4 )±4 ^ arg(H4 + e i ^)-argr(i^(H 4 ))±i(H4-H 3 )(z +H3 + H4) 

feGJ± 

+ ^(H 4 )ln|i|+3^(H4)ln(H 3 -H 4 ) + iK^4)ln(z o 2 + 32)TA ± (H 4 )±iA ± (0), (30) 

A+(z) = i^ 4 +£^ln| Ai -z|dln(l-|r( M )| 2 ), (31) 

A "W=-(y N +J W\v-z\d\n(l-\r(ri\ 2 ), (32) 



and 



-with 



usc{x,t) = Y J u [ s ) c {x,t), (33) 
fe=i 



4c (a;, t) = 2ie b £y csc(0 m ) sin(s ± ) cos($ ± (z„, t)± (2 T l)f ) sinh(U ± (a, t)), 

4c(M) = -2ie,eg>fcos(0 m )e is± +2sin(0 m )sin( S ± ) N )cos($ ± (z o ,t)±(2Tl)f)e u± ( a; ^, 



-(3)/ ^ 4i£ b £yH|sin(0 m )sin(s ± )e" ^ , ± 
4cW) (Hl + 2H 4 cos(^) + l) 2 (((^+H 3 )cos(0 m ) + 2)cos($ (*,,*) 

±(2Tl)f)±(H 4 -H 3 )sin(0 m )sin($ ± (z o ,i)±(2Tl)f)), 

= 2{ tl + ^lt(S+l) ( 2cos ( s± -^) cos ( <I)± ^^) ± ( 2 Tl)f) + (^ + H 3 )cos( S ± ) 
x co S ($ ± (z ,t)±(2Tl)f)±(H 4 -H 3 )sin( S ± )sin($ ± (^,i)±(2Tl)f)) , 
Sg(M) - ^^jfec"")^ cos(^(z ,t)±(2 T l)f )(e-^+cos(^-^)e-^+ 2 " ± (-^)) 

x (2£ycos(s ± - ( /. m )cos($ ± (z ,i)±(2Tl)f)+£y(H 4 + H 3 )cos(s ± )cos($ ± (z ,t) 
± (2 T l)f )±£y(H 4 ~H 3 ) sin^) siii^^, i)±(2 T l)f )) - (l-£ b £:pe u± ^>) (2i £b 
x sin(s ± -0 m ) cos($ ± (z , i)±(2Tl)f)+i£(,(H 4 + H 3 )sin(s ± ) cos($ ± (« ,t)±(2Tl)f ) 
Ti£ fc (H 4 -H 3 )cos( S ± )sin($ ± (z ,t)±(2Tl)f))) , 



' 4 ' 

5±/ 



U="=(x,t) 



x cos^)) . 

Theorem 2.2.2. For r(Q G >S^(]R), let m(x,t;Q be the solution of the Riemann-Hilbert problem 
formulated in Lemma 2.1.2. Let u(x,t), the solution of the Cauchy problem for the D/NLSE with 
finite- density initial data u(x,0) := u a (x) = x ^±oo u G (±oo)(l + o(l)), where u Q (±oo) := cxp C^ 1 ^ 1 ^ ), 
< 6 = -2 Eli sin(0„)-/_ + ^ ln(M ; (Al)|2) |f < 2^ 7 Uo (a;) e C°°(IR) 7 and Uo (x)- Mo (±oo) e S C (R ± ), 
be defined by Eq. (5), and f*(\u(x',t)\ 2 — 1) da;' &e defined by Eq. (6). Le£ e e {±1}- TTien, /or 
# 7m = ebTi/2, ek € {±1}; m e {1, 2, . . . , iV} 7 as t — > ±oo and a; — > =Foo smc/i iftaf z a < —2 and (x, t) e 
{(a;,t); x+2tcos(</> m ) = e>(l), ^ m e(0,7r)}, 



f (| M (x',t)| 2 -l)dx^§^+J{ e ± +g 5 (x^)+ (£ c (x^) + £ 5C (x,t)) 

Jsgn( e )oo V|t|(Al-A 2 ) (z 2 + 32) 1 /4 V / 

// ^(AQc^A^A,) c' s (A 2 )c(A 1 , A 3 , A 4 ) \ ln|t| \ 
U VM^!+32) v/A 2 (z 2 + 32) ){\i-\2)tr 
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where 



g+ = I 2 Efe= m +i sin (^), e = +l, g- = I 2 Efe=i ^(^fe), c = +l, 

£ l-2EfeLiSin(0 fc ), e = -l, e 1 -2 £f =m sin(0 fc ), e = -l, 



(35) 



«h+ = K<°>' e=+1 « ^ = <f M + 0) ' e=+1 ' 06) 

6 \-e-(0), e = -l, e \-^ + (0), e = -l, V ^ 



and 



with 



F ( r A 2£h£v sin (0m)e n±(a: ' t) 



£ c (a;,i) = -2cos( S ± )cos(e ± (z ,t)±(2Tl)f) , (38) 

7 

l sc {x,t) = Y J Z ( sh x , t )' (39) 
fc=i 



^<*«> - (i + ^^ff-^r )+ i)- (((Ai+ ^ ) ^ ) - 3) '^ e±( '--' )±(2Ti)t) 

± (Ai - A 2 ) sin(^ m ) sin(6 ± (z„, t)± (2 T l)f )) , 

c(2)/ ^ 4Ai? P sin(0 m )e o± ( :l: '*) / . ± o±( x ,t) • , ±^ 

= (l^e^(^*))(Af-2A 1 cos(0 m ) + l) ( 2(£yCOS((/)m)Sm(s ~^ )e £feSm(S )} 

xcos(e ± (z o ,t)±(2Tl)f)-(Ai + A 2 )(e,cos(0 m )sin( S ± )e o± ( a; ^-e h siii( S ± + ( /. m )) 

xcos(e ± (z o ,t)±(2Tl)|)±(Ai-A 2 )(e a >cos(0 m )cos( S ± )e n± ^- £b cos( S ± + ( /. m )) 

xsin(e ± (z ,t)±(2 T l)f)), 



g (3) = 2^W(^e^) (2cqs(s± _ 0to )cos(Q ± ( t ) ± (2 T l) f )-(A 1 + A 2 )cos(5 ± ) 
(Aj-2Ai cos(0 m ) + l) 

xcos(e ± (z ,t)±(2Tl)f)T(Ai-A 2 )sin( S ± )sin(e ± (z ,t)±(2Tl)f)), 

±(A 1 -A 2 )sin(0 ro )sin(e ± (0 o ,t)±(2Tl)f)), 
£^(a;, i) = -2e fc e y csc(0 m ) sin(s ± ) cos(6 ± (2; , £)±(2=Fl)f ) sinh(0 ± (a;, i)), 



lfcM = 4 S in(0 : )sin(^^ m ) cos(e±(Zo;t)±(2Tl)f)e2 n ±( ,.) 
£^(x,t) = 2e () e g) co S ( S ± -0 m )cos(e ± (z o ,t)±(2Tl)f )e n± ^ 



and 6' ± (-) 7 {A„}^ =1 , s 1 *" and !/(•), ey, il ± (a;,i) ; and 6 ± (z ,i) gwen m Theorem 2.2.1, Eqs. (8)-(9), 
(10), (11), (13), (14)-(15), and (17)-(19), respectively. 

For the conditions stated in the formulation of the Theorem, as i — > ±oo and x — > ±oo s«c/i i/iai 
z >2 and (a;, i) e {(x, i); a;+2icos(0 m ) = (9(l), G (-rr, 0)}, 

f (K^,t)| 2 -l)d C / =Sf+5^+g s (a ! ,t)+ |m I (t c (x,t) + Esc(x,t)) 

Jsgn( e )oo V|t|(^3-H 4 ) (z2+32) 1 /4 V / 

(( f^^^M + f^^3^M \ jgj*! \ f40) 

^ V|H 3 |(z2 + 32) VI^|(^ 2 + 32) )(X 3 -X4)t)' 
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where 



2 Ef= m+ i sin ( < fe): e = -l, [ 2 Y,k=i sin {<t>k), e = -!; 

> 

^+(0), e=-l, " e l-^-(O), e=-l. 




-2Er=i sin (^)> e =+ 1 > c-_J-2Er= m sin(0 fc ), e=+l 



§r= „ 7 (4i) 



$}=r y\ e=+1> £r=r ( _°h e=+1 » (42) 



£s(iC ' t)= (l+e^e^t^)) ' (43) 



and 



with 



£ c (s,<) = 2cos(s ± )cos($ ± (z ,t)±(2Tl)|) , (44) 

7 

£s C (x,t) = ^£W(cM), (45) 
fc=i 



^ = (, t «^^x < rHi)' (< ^'"' ( ^ )CT ' < ^ t)±(8Ti) * ) 

± (K 4 -K 3 ) sin(0 m ) sin($ ± (z , t)±(2 T l)f )) , 

£ ^ (M) = (l-e^(^))(Hl + 2H 4 co S (0 m ) + l) V 2(£yC ° S(0m)Sm(S " ™ )e ( ) - £fcSin ( s » 
xcos($ ± (z o ,t)±(2Tl)f) + (H4 + H 3 )(e g >cos(0 m )sin(s ± )e o± ( a; '*'-e b sin( S ± +0 m )) 



4 ' 



xcos($ ± (z ,t)±(2Tl)f)T(H4-H 3 )(eg>cos( ( /) m )cos(s ± )e <*■*> -e 6 cos(s ± + ^ ro )) 
xsm(0> ± (z o ,i)±(2Tl)f)), 

= - ^TTO^^rTZTT (2cos( S ± -0 m )cos($ ± (z o ,t)±(2 T l)f ) + (H 4 + H 3 )cos( S ± ) 
(N| + 2N4Cos(0 m ) + l) 



X 



cos^Czo, t)±(2Tl)f)±(H 4 -H 3 )sin( S ± )sin($ ± (z ,i)±(2Tl)f)) 



±(H 4 -H 3 )sin(0 m )sin($ ± (z o ,t)±(2Tl)f)), 
EfiC^.*) = -2£6eycsc(0 m )sin(s ± )cos($ ± (z o ,t)±(2Tl)f)sinh(y ± (x,t)), 
mM = _i^l^^ cos($±( , o)t)±(2Tl)f)e ^(, )t)j 

£^(s,t) = 2e b £ y cos( s ± -0 m )cos($ ± (z o ,i)±(2Tl)f )e° ±( ^ t) , 

and^i-), {& n }i=i, ey, ^(M), and $± (*„,*) ^iven m Theorem 2.2.1, £gs. (22)-(23), (24), (26), 
(27)-(28), and (30)-(32), respectively. 

One important application of the asymptotic results obtained in this paper is related to the so- 
called N-dark soliton scattering, namely, the explicit calculation of the nth dark soliton position shift in 
the presence of the (non-trivial) continuous spectrum. Note that, unlike bright solitons of the focusing 
NLSE (with rapidly decaying, in the sense of Schwartz, initial data), which undergo both position 
and phase shifts [Q 111, dark solitons of the D/NLSE (for the finite-density initial data considered 



here) only undergo a position shift |13 . This leads to the following (see, also, Corollary 2.2.2) 
Corollary 2.2.1. Set 

Ax„:=Xn—Xn an d Ax n :=x+ — x~, ng {1, 2, . . . , N}. 
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,4s t^>±oo and x^=Foo such that z :—x/t<—2 and (x,t)& {(x, t); x+2tcos{<j) n ) = 0(l), <p n G (0, ir)}, 



n 



Ax n = J2~ 



sgn(n — fc) 



—[ sin(0„) 



In 



sin(§(0 n + fc )) 



sin(i(0„-0 fe )) 



(<-a 2 /-+00 m r^ l \ 
JO Ai J-oo A 2 J 



ln(l-|r( M )| 2 ) d/i 
(/i 2 — 2/icos(</>„) + l) 2ir 7 



and, as t^±oo and x^±oo such that z Q >2 and (x,t)(z {(x, t); x + 2t cos(<p n ) = 0(1), G (^ 7r > 0)}, 



AT 



A ^ = E sgn(n_fc) ln 
^ sm(0„) 



sin(i(0„-^ fc )) 



N 4 /-0 



oo JN 3 JR 



N 3 



+oo 



Ml-|r( M )| 2 



d/i 

(/i 2 + 2/icos(</>„) + l) 2tt" 



Proof. Follows from the definition of Ax n and Ax n , and Theorem 2.2.1, Eqs. (15) and (28). □ 

Theorem 2.2.3. For r(() G S^(M.), let m(x,t;Q be the solution of the Riemann-Hilbert problem 
formulated in Lemma 2.1.2. Let u(x,t), the solution of the Cauchy problem for the D/NLSE with 
finite- density initial data u(x,0) := u a (x) = x ^±oo u (±oo)(l + o(l)), where u (±oo) := cxp C^ 1 ^ ), 

0<g = -2E^ 1 sin(^)-/+~ %<2n, u {x) G C°° (R), ond « (x)-« (±oo)e5c(R±), &e 

defined by Eq. (5). T/ien, /or — Sb^/2, £;,G {±1}, m£ {1, 2, ... , TV}, as t^±oo and x^=Foo sucft 
f/iaf z :=x/te (-2,0) and (x, i) G {(x, £); x + 2i cos(</> m ) = 0(1), m G(O,7r)}, 

(,) " I (l+e^e n f <-*)) 



^ ^ ^ e _4 '*' fc^meu't N} f sin (^)l cos(0 fc )-cos(0 m )|} 

w/iere s^ 1 and ey, respectively, are given in Theorem 2.2.1, Eqs. (11) and (13), 



* + (j) = /_ 



m(l-|r(M)| 2 ) d/i 



2tt 



/•+00 

(j)= 

JO 



ln(l-|r( M )| 2 ) d/i 
M j 2?r ' 



0^ (a;, i) = -2 sin(<^) m )(x + 2t cos(</> m ) - x± ^ ) , 



(46) 

je {0,1}, (47) 
(48) 



and 



N 



+ 



sgn(m — fc) 
^ 2sin(</> m ) 

ln(|7m|) 



In 



sm{U(j) m -(j} k )) 



± 



Ml-|r(M)| 5 



d/i 

(/i 2 -2/iCOs(0 m ) + l) 27T 



2sin( 



(49) 



and, as t — > ±oo and x — > ±oo suc/i t/iat z Q G (0, 2) and (x, t) € {(x, t); x + 2i cos(0 m ) = 0(1), m G 
(-t,0)}, 



u(x, t) = — e 



-2i<£ m +fijJ= 



-MM 



min {| sin(0 fc )|| cos(0 fc )-cos(0 m )|} 



t#me{l,2,...,») 



w/iere eg> is given in Theorem 2.2.1, i5g. (26), 

Q.^(x,t) = -2 sm(4> m )(x + 2t cos(<p m )-x^), 

and 



(50) 



(51) 



N 



+ 



sgn(m — fc) 
2sin(0 m ) 

Ml7m|) 



In 



sin(i(0 m + </) fe )) 



sin(i(0 m -</> fc )) 



±- 



1 



ln(l-|r( M )| 2 ) d// 

7 (/i 2 +2/iCOs((/) m ) + l) 27T 



2sin(^ m )' 



(52) 
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Theorem 2.2.4. For r(() £ 5^(IR), let m(x,t;Q be the solution of the Riemann-Hilbert problem 
formulated in Lemma 2.1.2. Let u{x,t), the solution of the Cauchy problem for the D/NLSE with 
finite- density initial data u(x,0) := u (x) = x ^±ca u (±oo)(l + o(l)), where u Q (±oo) := cxp( l( - 1= l^ g ), 
< 9 = -2 E^i sin(^)-/+~ ln(1 ~'; (Al)|2) % < 2tt, u (x) £ C°°(R), and u (x) - u (±oo) £ S C (R ± ), 
be defined by Eq. (5), and f*(\u(x', t)\ 2 — 1) da;' be defined by Eq. (6). Let e e {±1}- Then, for 
Q lm = EbTr/2, Eb £ {±1}; ™ € {1,2,..., N}, as t — > ±oo and x — > =Foo smc/i i/ia£ z D G (—2, 0) and 
(x,i)e{(x,t); x + 2tcos(0 m )=O(l), m e(O,7r)}, 



sgn(e)oo 



|u(x',t)| 2 -l)dx'=§±+M± + 



2 £b £ y sin(0 m )e n * (a: < t) 



—41*1 min 
+ 0[e **me{l,2,...,iV> 



(l + e b eg>e fi « <*>*>) 

{sin(0 fc )| cos(0 fc )-cos(0 m )|} 



(53) 



w/iere ey is groen m Theorem 2.2.1, i?g. (13), Sf are given in Theorem 2.2.2, Eg. (35), flf(x,t) are 
given m Theorem 2.2.3, Eqs. (48)-(49), 



■(o), 



e = +l, 



lf - 'l-x-(O), e = -l, 



x-(0), 



e = +l, 



-(o), 



(54) 



and k^(-) are given in Theorem 2.2.3, Eq. (47), and, as t^>±oo and x — > ±oo smc/i t/iat z G e (0,2) 
and (x,i)e{(x,i); x+2icos(</> m ) = £>(!), TO e (-7T, 0)}, 



/ 

J Sf 



sgn(e)oo 



(\u(x',t)\ 2 -l)dx'=Sf+Xf e + 



n±(x,t) 



2gj,£y sin(0 m )e * 
(l+£6eo>e n f (x,t) ) 



n| ~ 4 '*' fe^me™'" w}^' sin ^ fc )H cos(0 fc )-cos(0 m )|} 



(55) 



where £y is given in Theorem 2.2.1, Eq. (26), Sf are given in Theorem 2.2.2, i?g. (41), Q^(x,t) are 
given in Theorem 2.2.3, Eqs. (51) -(52), and 



h~(0), e = +l, 
-x+(0), e = -l, 



x+(0), e = 
-x-(0), e = 



-1, 
-1. 



(56) 



Corollary 2.2.2. Set 

Axl:= 



and 



n£{l,2,...,N}. 



As t^>±oo and x — > =Foo smc/i i/iai z := x/t e (— 2, 0) and (x, i) G {(x, t); x + 2i cos(0„) =(9(1), </>„ € 

(0.7T)}, 



AT 



Ax«=V 



sgn(n— A;) 



n / _j 



In 



sin(i(</)„ + fc )) 



sin(i(0„-0 fe )) 



+00 



ln(l-|r( M )| 2 ) d/^ 
(« 2 — 2^i cos (</>„) + !) 27r' 



and, as t^±oo and x — > ±oo suc/i that z D £ (0,2) and (x,t) e {(x,i); x + 2tcos(</>„) = 0(1), 1 
(-t,0)}, 



iV 



Ax^V Sgn(n ~ fc) In 
AX ™ lj sin(^) 



sin(±(</>„ + </> fc )) 



sin(i(0„-0 fe )) 



+ 



o r+^X 

-co 7o J '(/i 2 + 2//cos(0„) + l) 2tt' 



ln(l-|r( M )| 2 ) d^ 



Proof. Follows from the definition of Aarf, and Ax^, and Theorem 2.2.3, Eqs. (49) and (52). □ 

Remark 2.2.3. In this paper, the complete details of the asymptotic analysis are presented for the 
case t^>+oo and x^— oo such that z :—x/t<—2 and (x, t) £ {(x, t); x+2t cos(</>„) = 0(1), <f> n £ (0, 7r)}, 
and the final results for the analogous asymptotic analysis as t—* — oo and x^+oo such that z Q < —2 
and (x, t) £ {(x, t); x+2tcos(<f> n ) = 0(l), <fi n £(0,ir)} are given in Appendix A. The remaining cases are 
treated similarly, and one uses the results of Appendix B to obtain the corresponding leading-order 
asymptotic expansions. 
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3 The Model RHP 

In this section, the RHP studied asymptotically (as t^+oo) in Section 4, the so-called model RHP, is 
derived: it is obtained from the (normalised at oo) RHP for m(x, t; formulated in Lemma 2.1.2 via 
an ingenius method due to Deift et al. Q (see below). Set ~\ m :—{(x,t); x+2tcos((f> m ) = 0(l), (j) m e 
(0, 7r)}, me {1, 2, . . . , N}: note that the mth dark soliton "trajectory" in the (x, f)-plane, R 2 , belongs 
to ~\ m . From Lemma 2.1.2, (Hi), and the dark soliton ordering adopted in Subsection 2.2, one notes 
that, as t —>■ +oo and x — > — oo such that z Q := x/t < —2 and (x, t) e ~I m : (1) for n — m, g n (x, t) \-\ m 
= 0(1); (2) for n< m, g n (x,t) h m = 0(cxp(— 4£sin(^ n )| cos(</>„) — cos(</> m )|)) — > 0; and (3) for n>m, 
g n (x,t) \~\ m = 0(exp(4i sin(</>„)| cos(</>„) — cos(</> m )|)) — * oo. Thus (cf. Remark 2.1.3), since the RHP 
for m{x,t\Q) formulated in Lemma 2.1.2 is asymptotically solvable for the (x,i)-sector stated above, 
one deduces that, along the trajectory of the (arbitrarily fixed) mth dark soliton: (1) for n = m, 

Res(m(ir,t;£);<m) = o) and R cs ( m ( x , f ; C)i ?n) = (o ( 2 ) for n < m i Res(m(x,t;C);<Tn) = 

(o(*j o) ^° and Rcs ( m ( x > t 'X);~i) = (o ) _>0 ' wnere ♦:=exp(-4tsin(0„)| cos(^ n )-cos(^ TO )|); 

and (3) for n > m, Res(m(a;, t; C); ?„) = ( J ) -> ( ~ g ) and Res(m(x, t; 0; qT) = ( ° °J JI^J ) -> 

( o oo )• Hence, along the trajectory of the (arbitrarily fixed) mth dark soliton, there are exponentially 
growing polar (residue) conditions for solitons n with n e {m + l,m + 2, . . . ,N}. In a paper dealing 
with the Toda Rarefaction Problem jjij, Deift et al. showed how this problem could be dealt with. 
Proceeding from the construction of Zhou [l5|, Q related to the singular RHP (see the synopsis 
below Theorem C.1.4 in Appendix C), one uses the method of Deift et al. to "replace" the poles which 
give rise to the exponentially growing residue conditions by jump matrices on mutually disjoint, and 
disjoint with respect to er c , "small" circles (see Section 2, Remark 2.18, for a discussion about 
the radii of these circles) in such a way that the jump matrices on these small circles behave like I + 
exponentially decreasing terms (as t— >+oo), thus constructing the augmented contour ^augmented : — 
<j c U (U^ r =m+1 9(small circles)). Thus, instead of the original RHP, one obtains an augmented (and 
normalised at oo) RHP with 2{N—m) fewer poles and 2(N—m) additional circles with jump conditions 
stated on them. Finally, by "removing" the 2(N — m) small circles from the augmented RHP, one 
arrives at an asymptotically solvable, equivalent, "model" RHP, in the sense that a solution of the 
equivalent RHP gives a solution of the augmented RHP and vice versa; in particular, if there are two 
RHPs, (*i(A),ui(A),ri) and (X 2 (X),v 2 {X),T 2 ), say, with T 2 C r x and Vl (X) r ri \r 2 I + o(l), 

then, modulo o(l) estimates, their solutions, Xi(X) and X 2 (X), respectively, are asymptotically equal. 
Actually, as will be shown below (see Lemma 3.5), the solution of the model RHP approximates, up 
to terms that are exponentially small (as t — > +oo), the solution of the augmented RHP (hence the 
original RHP). 

The reason for introducing the factor 5(0 in Lemma 3.1 below is given in Section 4 of |3§|| . 

Remark 3.1. For notational convenience, all explicit x,t dependencies are hereafter suppressed, 
except where absolutely necessary and/or where confusion may arise. 

Lemma 3.1. For r(0 £S^(M), letm(Q: C\ (adUac) ^M 2 (C) be the solution of the RHP formulated 
in Lemma 2.1.2. Set 

m(C):=m(C)(<5(C)r ff3 , 



where 



S{() = exp((/° eo +/^ | 1 ) ln(1 (~ l I^ ) | 2) with X 1 and X 2 given in Theorem 2.2.1, Eq. (10), 



5(0(5(0-1, 6(Q8((- 1 )=6(0), and ||( ( J(-)) ±1 || £ o 0(c) :=sup (;eC |(<5(C)) ±1 | < oo. Then m(C) : C \ (a d U 
er c ) -^M 2 (<C) solves the following RHP: 

(i) m(0 is piecewise (sectionally) meromorphic V £ e C \ cr c ; 

(ii) m±(0:=lim c'^c m (0) satisfy the jump condition 

±Im(C')>0 

m + (0-m_(Oexp(-ifc(0(x+2A(Ot)ad(a 3 ))g(0, Ce«, 

where 

Q( C) = ((l-r(0r(W-(0(S + (0r 1 -r(()6_(06 + (0\. 

y[l > ) { r(cXMC)MC))- 1 («_(c))-^+(0 
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(Hi) m(C) has simple poles in cr^ = U„ =1 ({<?„} U {<?„}) with 

Res(m«);<? n ) = lim m(C,)g n (5(q n )y 2 o--, ne {1, 2, . . . , TV}, 



Res(m(C);^n) =criRes(m(C); ?„) ai, ne {1, 2, . . . , N}, 

where g n -~\g n \c 10 ^ exp(2ifc(<r„)(a;+2A(<r n )i)), toitft 

, , 9| , . , , v ( /• +0 ° sin( ( /. ra )ln(l-|r( M )| 2 ) dfi^N sin(l(0» + <fa)) 
\ 9n | = 2| 7b I sm^) exp (J^ ^^y^ ^ J II - sin( | ( ^)) ' 



tt /• +00 (M-cos^)ln(l-|r( M )| 2 ) du " 



7 " 2 2 ./_«, ( M 2_ 2u cos(0„) + 1) 2tt 



Cw; det(m(C))lc=±i = 0; 
^ m(C)=c^ r 1 W0)) ff ^2+O(l); 



m(C)= c-~ I+O^ 1 ); 

<rec\(<T d u<7 C ) 



fun) m(C) = CTim(C)o-i and m(C _1 ) = <m(C)(<5(0)) CT3 CT 2 . 
Let 



«(*,*):=! lim (C(™(C)(<5(C)) ff3 -I))i 2 , (57) 

(, — too 
CeC\(a d U<y c ) 



(\u(x',t)\ 2 -l)dx':=-i lim (C(m(C)(5(C)) ff3 -I))ii. (58) 

+°° cec\(<r d u CTc ) 

T/ien u(x, t) is the solution of the Cauchy problem for the D/NLSE. 

Proof. The RHP for m(() (respectively, Eqs. (57) and (58)) follows from the RHP for m(() 
formulated in Lemma 2.1.2 (respectively, Eqs. (5) and (6)) upon using m(C) '■— m (0(^(C))^' 73 ; with 
(5(C) given in the Lemma. □ 

Definition 3.1. For me {1, 2, ... , N} and {s n }n=m+i c ( ^+ (respectively, {$n}n= m +i c C_), define 
the clockwise (respectively, counter-clockwise) oriented circles 3C n := {£; |C — <m| = (respectively, 
'■— {C; |C~^"I — ?«}); (respectively, chosen sufficiently small such that % n n 9C n ' = 

Z n nZ n ,=X n C\Z n = X n n a c = Z n n cr c = V n^n'e{m+l,m+2, . . .,7V}. 

Remark 3.2. Note that the orientation for X n (cC+) and L n (cC_) is consistent with Eq. (C.l) 
(see Appendix C). 

Lemma 3.2. Forr(C)e5^(M), letm((): C\ (<7 d U<7 c )->M 2 (C) be the solution of the RHP formulated 
in Lemma 3.1. Set 



m b (C)H 



'm(C), CeC \ (o-c U (u£L ro+1 (ft„ U int(3C„) U Z n U int(£„)))), 

^(0(l- ga jf^j~ <7 -) ' ^ eint (^™)' ne{m+l,m+2,...,JV}, 
m (C)(l+^ra^a + ) , Ceint(£„), „e{m+l,ro+2,...,JV}. 



Thenm h (0- C\((<7 d \U^ =m+1 ({c„}U{^}))U(<T c U(U^ =m+1 (3C„U£„))))^M 2 (C) sotoes the following 
RHP: 

(%) m (£) is piecewise (sectionally) meromorphic V£eC \ (cr c U (U^_ TO+1 (9C„ U 
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(ii) m±(£):=lim m b (£') satisfy the jump condition 

C' € ± side of CT C u(u" =m+1 (5c„u£„)) 

m^(C)=m>_(C)^(C), Ce^ c U (u£L m+1 (3C„ u £„)), 

w/iere 



^(0 = 



cxp(-ifc(C)(x+2A(C)t)ad(a 3 ))g(C), C^K, 

I + g "(C-o" 2 <7 -' ne{m+l,m+2,...,JV}, 
I + g~Wj2»- 2 <T+ , Ce^«, ne{m+l,m+2,...,JV}, 



(C-*T) 

uratft £7(0 given in Lemma 3.1, (m_); 
fm) TO b (() /ias simple poles in a d \ U^ =m+1 ({<r„} U {^T}) wi/i 

Res(m b (C);<r„) = lim m b (C)5„(<5(^„)) _2 cr_, ne {1, 2, . . . , m}, 



Rcs(m (C);<r„) =criRcs(m b (C);?„) cti, nG {1, 2, . . . , m}; 

det(m b (C))| c=± i=0; 

r«; m b (c)= c ^ r l (<5(o)) ff ^2+o(i); 

as C-oo, CeC \ ((cr d \ u£L m+1 ({^} U U (a c U (u£L m+1 (3C„ U £„)))), fh\Q = I+0((- r ): 



(vii) ™ b (C) = cnm b (C)cri andm b (C- 1 )-Cm b (C)('5(0))' T3 CT2. 

For CeC \ \ u£L m+1 ({<;„} U {^})) U (a c U (u£L m+1 (3C n U £„)))), Zei 



u(x,t):=i lim (C(m b (C)WC)r 3 -I))i2, (59) 



f (Kx',t)| 2 -l)d.*':=-i lim(C(m(C)(<5(C)r-I))ii- (60) 

J+oo 

XTien u(a;, i) is the solution of the Cauchy problem for the D/NLSE. 

Proof. The RHP for m b (() (respectively, Eqs. (59) and (60)) follows from the RHP for m(0 
formulated in Lemma 3.1 (respectively, Eqs. (57) and (58)) upon using the definition of m b (C) in 
terms of m(C) given in the Lemma. □ 

Remark 3.3. Even though the set (of first-order poles) U^ r =TO+1 ({^„} U {?«}), giving rise to the 
exponentially growing residue conditions, has been removed from the specification of the RHP and 
replaced by jump matrices on LI^ =m+1 (X n U £„), it should be noted that these jump matrices are 
also exponentially growing (as t — > +oo). These lower/upper diagonal, exponentially growing jump 
matrices are now replaced, via a finite sequence of transformations, by upper/lower diagonal jump 
matrices which converge to I as t^>+oo. 

Lemma 3.3. For me {1,2, ... ,N}, let a' d :=a d \U^ =m+1 ({<; n }U{^}), a' c :=a c U{U^ =m+1 (X n uZ n )), 
where X n and L n are given in Definition 3.1, and u' QT , :~o' d U a' c {a' d n o J c = $). Set 

\ ^(C)nf= ro+ i(4(C))- CT3 , CeC\ (a' c U (u£L m+1 (int(5c n ) Uint(£ n )))), 

m»(C) := \ ^(O^JC))- 1 nt m+ iK(0)- CT3 , Ceint(3C„), ne{m+l, m+2, . . . , N}, 
lm b (C)(J £n (C))- 1 nf= m+ iK(0)- <T3 , Ceint(£„), ne{m+l,m+2,...,iV}, 



where 



4(0 = CeC \ (o£ U (u£L m+1 (int(0C n ) U int(£„)))), 



4(0 = 



C-^«, Ceint(3C„), 

(C-ftO -1 . Ceint(£„), 
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Jfc (C) (€SL(2,C)) and (() (e SL(2, C)), respectively, are holomorphic in U^ m+1 int(3Cfc) and 
u *lm+i int (£0> with 



f U N 4(0 Cl 

11 k = m+l .— — 



\ 



V 



(C-«n) 

-^(%n))- 2 nVS§ 



Mn T-rN «(C)) 

T ]Jfc=m+l 



(0 



(c-c„)n™ TO ; 



«£(0 



k=£n u 



d (C) C^ a „(i( t „))-2 „ jy d k (£) 



(C-^r) 



a fe (C) 



N , N 



fc=7Tl+l 

Then frv(Q : C \ a' oT > — >M2(C) solves the following (augmented) RHP: 
(i) fffi{C) is piecewise (sectionally) meromorphic V (eC\ g' c \ 
(ii) m±(Q:=\iin ( >_> ( fn-HC) satisfy the following jump conditions, 



£ ± side of <r 



'D 



ml(C)=mL(C)exp(-ifc(C)(a ; +2A(C)i)ad(a3))^(C), <el 



where 
and 



(l-rKMOJMCXMC))" 1 -r(C)S-(C)5 + (C)Ut m+ i(dt(0) 2 



ml(C) : 



m; 



.(C) ^1+^^(7+), CA, ne{m+l,m+2,...,JV}, 
.(C)(l+(^(T_) , Ce£ n , ne{m+l,m+2,...,7V} ; 



(raj fn'(C) feas simple poles in <j' d with 



Res(m»(C);c„)= lim m»(C)5„(%„))- 2 ( (4(fe))" 2 V-. 

\fe=m+l / 

Res(m tl (C);^r) =<riRes(m' , (C);?n)o-i ) 

(iv) det(rra"(C))|c=±i=0; 

(v) m»(C)= C ^oC- 1 ('5(0)) ff3 (nL„ + i(4(0)) ff3 )^ + 0(l); 
M m»(C)= c^oc I+O^ 1 ); 



ne{l,2,...,m}, 
ne{l,2,...,m}; 



C€C\a' 



Of 



m» (C) = <7im« (C) and m« (C" 1 ) - C™« (0 (^(0))^ (n L+i (4 (O))" 3 ) CT 2 • 



Let 



(x,t):=i lim (c(m»(C)(5(C)) ff3 f[ (4(C)) a3 -l)) 

(€C\a' olD \ \ fe=m+l / / 



(61) 
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f (K^,t)| 2 -l)d^:=-i lim k(W)(<5(C)r fl (4(0) CT3 -I) J ■ (62) 

Cecx^ V V fe=m+l / / n 



Then u(x, t) is the solution of the Cauchy problem for the D/NLSE. 
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Proof. From the definition of to"(C) given in the Lemma, one shows that, for m G {1, 2, . . . , N}, 

^(C)=mi(C)^(C), CeU^L m+1 DC„, and ^(0=^1(00^(0, Ceu£L m+1 £ n , where 

(N \ JV 

n K'(or 3 ^„(o(i+ 9 ";s,!r 2 g -) n (4(or CT3 , 
fc— m+l / fc— m+1 

(iV \ iV 

n (4(0) g3 (i+ g -[; ( _^f a + )(j £re (o)- 1 n (^(o)^ 3 - 
/c=m+l / k— m+1 

Now, as in [Q, demanding that z)! ((") (respectively, (£)) have the following upper (respectively, 
arrives at 



lower) diagonal structure, v%. (0=I+C„ (£-0 ct+ (respectively, (0=I+C„ ((-<?„) <r_), one 



- n W 4(0 C^g„(<5(, -priV (4(C))- 1 g* jtN (4(c))- 1 ' 

llfc=m+l rf-(f) (C-^) 2 llfc=m+l (C-?n) llfe=TO+l 



1 9„(%-)r 2 n« 4(0 n 7V 4(C) 



^(0 = 



n JV 4J0 g n (S(^))- 2 u n 4(0 

llfc=m+l d^(C) (C-^T) llfc=m+ l 

g£ n iV 4(0 n w 4(0 g^(%-))- 2 4(0 

llk=m+i T^tTTy^i llfe=m+i TF7n (C~^r) 2 11* 



(C-~) llfe=m+l (4(C))- 1 Hfc=m+1 47cT (C-~)" llfe=TO+l (4(C))" 1 . 

5c (C))~^ e ^( , ^£ (C)) = 1 - Choosing rf^(C) as in the Lemma, one shows that 



//TT^ .,4(0 C^gn(5(^))- 2 rry X1 (4(0)' 

Res(J 5c (0;?«)= V llfc :^ +1 4(0 (c--) 2 W fc ^„ +1 4(0 



C=Tn 



Oy 



/O 

Res(J £ (0;?«)= n (n 1 ? .,4(0 g^ffl-^))- 2 n ^ 4(0 

V 1 "^ 1 4(0 (c-*») 2 11 



£ " 10 1 1 1 '■ 1 4^(0 - " tTC? ' 1 1 *^„ +1 (4(0)^ 



c=~ 



choosing and as in the Lemma, one gets that Res(Jj. (C);?n) = Res(J £ (C);^«) = 0; thus, 
Joe (0 (respectively, J £ (0) is holomorphic in U^ r =m+1 int(3C„) (respectively, U^ r =m+1 int(iL I j)). The 
remainder of the proof follows from Lemma 3.2 and the definition of m"(0 given in the Lemma via 
straightforward algebraic calculations. □ 

Remark 3.4. One notes from the proof of Lemma 3.3 that, for me {1, 2, . . . , N}, with n n :=sin(</>„) € 
(0, 1) and :=cos(0„) G (— 1, 1), as t — > +oo and x— > — oo such that z :=x/t<—2 and (x, i) € ~I m , 

^c w (0 = I+^yo-+= I + ( c "7c"-t) e '"' <7 +) ' CA, rie{m+l,m+2,...,7V}, 
0| J0 = I+(c £ |f)^- = I+0( c "7c-^ t '"' <7 -) ■ Ce£„, ne{m + l,m+2,...,iV}; 

hence, as i-^+oo, «t (C)— »I (uniformly), where * € {3C, £}. One also notes from Lemmae 3.1-3.3 
that, for CeU^ =m+1 int(X n ), 



to"(0 = ^(0 
and, for C<E U^ =m+1 int(£ n ), 
m J (0 = m(0 



(^)n™ (4(c))- 1 -(c^y n™ (4(0) 
o (§Ef)n™4(0 

'(fEi)n™(4(c))- x o 

n™4(0 (§Ef )n^ 4(0, 



(C-^) 



hence, modulo singular terms like (£— ? ra ) and (C— ?vT) _1 , and recalling that (see above), as t— »+oo, 
and are 0(exp(— Mi] n \£ n — Cm|))j one deduces that, since the RHP for m(0 formulated in 
Lemma 3.1 is asymptotically solvable |3a], there are no exponentially growing factors for m"(0 when 
CeU^ =m+1 (mt(3C n )Uint(£ n )). 
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By estimating the error along the trajectory of the mth dark soliton (m € {1, 2, . . . , N}) when 
the jump matrices on {0C n , &n}n=m+i are removed from the specification of the RHP for m'(£), one 
arrives at an asymptotically solvable, model RHP (see Lemma 3.5 below); however, since the proof 
of Lemma 3.5 relies substantially on the Beals-Coifman (BC) construction jy| for the solution of a 
matrix (and appropriately normalised) RHP on an oriented and unbounded contour, it is convenient 
to present, with some requisite preamble, a succinct and self-contained synopsis of it at this juncture. 
But first, the following result is necessary. 

Proposition 3.1 (|38[]). The solution of the RHP for m"(£): C \ cr' OT , — > Ma(C) formulated in 
Lemma 3.3 has the (integral equation) representation 

-»(C) = (i+r 1 A»)$«(C)^(C)+ 1 g^ggjf^ , CeCWo*, 

where 



n=l 

v^(-) is a generic notation for the jump matrices of m"(£) ok a' c (Lemma 3.3, («ij^, and AJ and 
CP"(C) are specified below. The solution of the above (integral) equation can be written as the ordered 
factorisation 

m»(C) = (l+r 1 A»)?»(C)m d (C)m c (C), (eC\</ ov , 



where fht(Q = axmi(Q o\ (gSL(2,C)) has the representation given above, (Q = aiffl (C) o~i is chosen 
so that Aj, is idempotent, I + £ _1 AJ (G M2(C)) is holomorphic in a punctured neighbourhood of the 

origin, with A^ = <7iAo <J\ (sGL(2,C)) such that det(I+£ _1 A|)|£=±i =0, and having the finite, order 
2, matrix involutive structure 

^ / A «e i ( fc+1 /2)- (l + (A«) 2 ) 1 /2 e -i''"\ 
°" \ V (1 + (A») 2 ) 1 /V'' A » e -i(fc+i/2)- )' G ' 

where A* and ??« are obtained from the relation A| = T"(0)m* (0)m c (0)(<5(0)) <T3 (nf= m +i( rf fc (°)) <T3 ) (7 2, 

and satisfying tr(A|) = 0, det(A») = -1, and A|A| = I, and m c (C): C \ ct^ -> SL(2,C) soZues 
</ie following RHP: (1) m c (£) is piecewise (sectionally) holomorphic V£ € C \ o^i (2) m§_(£) := 
lim c'-»c toC (C) satisfy, for £ € <t£.j i/ie jump condition m3_(C) = ™l(C) uC (C)> where v c (C) = 

C' S ± Bide Of (T 

exp(-i/c(C)(x + 2A(C)0ad(cr 3 ))^ ti (C), C € R, iw'tfi £ B (C) given in Lemma 3.3, (n), v c (() = I + C^((- 
<; n y 1 o-+, Ce^n, and u c (C) = I+C*^ (C-oT)" 1 ^, (eZ u , ne {m+1, m+2, . . . , AT}, with and 
given in Lemma 3.3; (3) 77i c (£)= c^°° I+O^^ 1 ); and (4) m c (£) = erim c (£) 

C6C\<r£ 

The BC formulation jllj now follows. One agrees to call a contour r" oriented if: (1) C \ r" has 
finitely many open connected components; (2) C\r" is the disjoint union of two, possibly disconnected, 
open regions, denoted by U + and U ; and (3) r" may be viewed as either the positively oriented 
boundary for L5 + or the negatively oriented boundary for 13 (C \ r" is coloured by two colours, ±). 
Let r tt , as a closed set, be the union of finitely many oriented simple piecewise-smooth arcs. Denote 
the set of all self-intersections of r" by (with card(r tt ) <oo assumed throughout). Set :=r" \ T 9 . 
The BC construction for the solution of a (matrix) RHP, in the absence of a discrete spectrum and 
spectral singularities |^5|, p3| , on an oriented contour r" consists of finding an M2 (C)-valued function 
X(X) such that: (1) X(X) is piecewise holomorphic V Ae C\T tl ; (2) X + {X)=X_(X)v(X), Aef B , for some 
"jump" matrix v(X): F* ->GL(2, C); and (3) uniformly as A^oo, AeC\r tl , X(\) =I+0(A~ 1 ). Let 
v(X) :— (I— w_(A)) _1 (I+w+(A)), Aer", be a factorisation for v(X), where w±(X) are some upper/lower, 
or lower/upper, triangular (depending on the orientation of r") nilpotent matrices, with degree of 
nilpotency 2, and w±(X) E D pe {2,oo} £m 2 (C)^) (if T' is unbounded, one requires that w± (A) = a^co 0). 
Define w(X) :— u>+(A) + w- (A), and introduce the Cauchy operators on C"^,^ (P"), (C±f)(X) := 
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lim . f rt (^71 53' where /O e/^^ (r»), with C±: £^ 2(c) (r«)^£^ (c) (r«) bounded in 



A' e ± side of rtt 



operator normQ, and ||(C±/)(-)||£2^ (C) (*) ^ const. 11/0)11/^ C) (*)* Introduce the BC operator: 

c w fi=c+(f W -)+c-(f w+ ), f(-)&£ 2 M 2{c) (*Y, 

moreover, since C \ r" can be coloured by two colours (±), C± are complementary projections fig] , 
namely, C\~C + , C?_ = —C_, C + C- = C-C + — (the null operator), and C + -C_= id (the identity 
operator): in the case that C+ and — C_ are complementary, the contour r" can always be oriented 
in such a way that the ± regions lie on the ± sides of the contour, respectively. Specialising the BC 
construction to the solution of the RHP for to c (£) on o' c formulated in Proposition 3.1, and writing 
v c (C) as the following (bounded) algebraic factorisation v c (Q :— (I — w'L((,))~ 1 (L+w'±(£)), C£°"ci tne 
integral representation for rn c (£) is given by the following 

Lemma 3.4 (Beals and Coifman 0]). Let 

/i c (C)=m^(C)(i+<(0)- 1 =mi(C)(i-^(C))- 1 I Ce^c- 

If /i c (C) ^I+^m 2 (C) (°c) := MO € ^M9(C) (°c)}0 solves the linear singular integral equation 

(id-C ro c)( M c (C)-I) = C„el = C+(u/ )+Cl«), Ce^, 

where id is £/ie identity operator on C^^^a^), then the solution of the RHP /or m c (£) is 

T /" LL C (z)w C (z) dz . 

w/iere /*°(C) = ((id-C„e)- 1 I)(C), and w c (() :=w c + (()+w c _((). 

Finally, one arrives at, and is in a position to prove, the following 

Lemma 3.5. For m £ {1,2, ... , N}, set a d :— U™ =1 ({<;„} U {^T}), and let a c = {(; Im(£) = 0} with 
orientation from — oo to +oo. Let x(C) '■ C \ {&d U cr c )— >M2(C) solve the following RHP: 

(i) x(C) is piecewise (sectionally) meromorphic V(eC \ cr c ; 

X±(C) :=nm <'^< x(C') satisfy the jump condition 

C 7 £ ± side of cr c 

x+(C)=x-(0ex P (-ifc(C)(x+2A(0«)ad(<T 3 ))^(0 ! CeR; 

(m) x(C) h as simple poles in ad with 



N \ 

n (4kn)r 2 U- 

=m+l / 



Res(x(0;?n)= c lim x(C)5n(%n))" 2 | II «(?„))- 2 k, ne{l,2,...,m}, 



Res(x(C);<?n) =o-iRes(x(C);? n )o-i, n€{l,2, . . . ,m}; 

det(x(C))| c = ± i=0; 

r«; x(c)=c-or 1 (^(o)) CT3 (nL fl+ i(4(o)) a3 )^+o(i) ; 



cec\(s d u» c ) 



x(o=^x(c)^i «^x(r 1 )=cx(0(<5(o))-(nLn+i(4(o)) CT£ 



0-2. 



1 l|C±llKCri) < °°! where 3Sf(*) denotes the space of all bounded linear operators acting from ^--m 2 (c) W m *° ^m 2 (C) M' 
2 For/(C)Gl+£^ 2(c) (*), ||/(-)|| I+£ 2 , MW :=fl|/(oo)||i- w + 1 I/O -/Ml |* 2 m)^ & 
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Then, as t— > +00 cm<i x— > — 00 smc/i i/iai z :—x/t<~2 and (x,t)€ ~l m , m"(C) : C \ ct' t> — »M2(C) has 
the following asymptotics: 

m» (C) = f I+O f ? (C) exp (-3 1) £(0 , 



ui/iereI3:=4min me{i,2,...,jv} {sin(0„)| cos(</>„)— cos(</> m )|} (>0), and, for {1,2}, (?(C))ij =c- 

»E{m+l,m+2 )/} 

OdCI" 1 ) a « rf (^(C))»i=C-oO(l). Furthermore, let 



u(x,t):=i Um (c(x(C)WC)) CT3 ft (4(0r- I i ! - C-'(<x P (- r/)). ((,:-!) 

i6C\(& d u CTc ) \ \ k=m+l 




and 



f {\u(x'M-l)Ax':=-i Hm ( C ( £(0(<5(C)) CT3 ft (4(C)) ff3 -l) ) +o(exp(-St)) 



(64) 



TTien u(x,t) is the solution of the Cauchy problem for the D/NLSE. 



Remark 3.5. The solution of the (normalised at 00) RHP for x(C) '■ C\ (<7dUer c )— >M2(C) formulated 
in Lemma 3.5 has a factorised representation analogous to that of m'(C) given in Proposition 3.1 (with 
appropriate change(s) of notation). 

Proof. Define £(£) := w'(C)(x(C)) _1 - From this definition, the RHPs for m"(£) and x(0 formulated 
in Lemmae 3.3 and 3.5, respectively, Proposition 3.1, and Remark 3.5, one shows that, for m G 
{1,2, ... ,N} and n G {m+l,m + 2, ...,N}, £(C) solves the following RHP: (1) £(£) is piecewise 
(sectionally) holomorphic V£gC\E£, where Eg = U^ r =m+1 E £ , with Eg :=3C„ U (with orientations 
preserved); (2) £±(£):=lim c '^ c £(C) satisfy the jump condition £+(C) = £- (C) w £ (C), C^Sg, 

C £ ± side of E £ 

where 



we(0 = ' 



I+W£»(C), CGU^ m+1 3C„(cS £ ), rce{m + l,m+2,...,JV} 

with wf»(c)=c^(c-fe)- 1 ^(o, wf"(0=c^(c-^)- 1 A'HO 



I+Wf-CO, C6U^ =m+1 £„(cS £ ), ne{m+l,m+2,...,7V}, 



vt M _ /'-xn(C)xai(0 (xn(C)) 2 \ -v^/xia (OxaaCC) -(xi2(C)) 2 

-(X2l(C)) 2 Xll(C)X2l(C)J ' lg_ WX2 2 (C)) 2 -X12(C)X22(0 

and C% and C% given in Lemma 3.3; (3) det(£(C))|c=±i = L (4) £(C) =c^o 0(1) and £ = c -°° 

I + C(C _1 ); and (5) £(£) = ci£(C) ai and £(C _1 ) = £(0- Note, in particular, that £(C) has no jump 
discontinuity on R, and no poles. Recall, now, the BC construction (see the paragraph preceding 
Lemma 3.4). Write the following (bounded) algebraic factorisation for We(C), vg, (C) = (I - w - (0) _1 (I+ 
w%{Q), ( £ Eg, and choose gfj ti£(C) = 0; hence, w% (Q = Wf n (Q, C G u£L m+1 3C n , and w £ (C) = 
Wg"(£), £g Ll£L m+1 £ n . Let ^i £ (C) be the solution of the BC linear singular integral equation (id £ — 
Cu>0m £ (0 =I > C^Eg, where id £ is the identity operator on £^ 2(C) (E £ ), and, for /(•) G £j^ 2 (q(E £ ), 

set C w ef:=C + (f W Z) + C-(fwZ) = C-(fwl), with (C ± /)(0:=lim ^< L -A ^. It was 

C 6 ± aide of E £ C V S ' 

shown in |38| that ||(idg— C t0 £) _1 ||^-(s £ ) <oo, where 3\T(*) denotes the space ofbounded linear operators 
from £m 2 (c)(*) to <Cm 2 (ic)(*)' According to the BC construction, the solution of the (normalised at 

00) RHP for £(C) has the integral representation £(£) = 1 + / Sg ^ { ^q z) C e C \ E £ , where 
/x £ (0 = ((id£-C u;£ )- 1 I)(C) I and w E (Q = Eie{±} w f (0 = ™+(0- Since (cf. Definition 3.1), for i^jG 
{m + l,ra+2, . . ., AT}, 3Q n£i = 9Q n X,=£j n £y=0, it follows that 



n— m+l 
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From the second resolvent identity and the expressions for W £ "(() and W g "(£), one shows that 

N 



£ (o-i= E 



n— m+1 



X„ 



{z-q n )(z-() 2m ~t~ L (z-^-)( 2 -C) 2th 



1„ 



3C„ 



(*-*„)(*-C) 



2m 



C£((id £ -C g)- 1 © e I)( z )#1(«0 d z 



27Ti 



, CeC\s £ . 



(*-— )( 2 -C) 

Using the Cauchy-Schwarz inequality for integrals, one arrives at 



n—m+l \ 



M 2 (C) \-"-*J 



(-?n)(-C) 



^M 2 (C) (-^i) 



^11^0)11^ (£„) 



x ||(--)(-o 

x 



^M 2 (C) 



£ M 2 (C)( 3C ") 



JgllKide-c^)- 1 !!^ 



+ ^?ll(id£-^ £ r 1 IU ( 5c„ ) ll(^I)(-)ll £L2(c)( 5c„) 

(-<J)(-C) 

x ll(^ £ i)(.)|| £2 (£ sll^HoiU. (£ ) 

One shows that, for £e C \ , 

r— / /" 27r \ 1/2 r— 



I 


(-*«)(■ 


-0 






(--)( 


-0 



I 



(-WX-0 



^M 2 (C) (■*-"") 



CeC\E £ . 



^M 2 (C) 



du; 

| C _ g 3C c -i^|2 



2 



£ M 2 (C)(- C ") 



2tt 



dqj 

K-e$e>«|i 



1/2 



with ?"* ra (C) =C-k» C(|C| X ) an d J;„(()=^oC(l), *e{3(.,,C}. Again, via the Cauchy-Schwarz inequ- 
ality for integrals, 

ll(C^eI)(.)IU, fc ,5c^< |j(^_(I^))C0IU, _ C 5c„)<ll^-!l>rc5c„)!l^(0!U, fC ,5c„) 



^M 2 (C) (-^n) 



^M 2 (C) (-^™) 



N(0C„)l 



^M 2 (C) 



with an analogous estimate for ||(C u; £l)(-)|| £ 2 (£ 

M 2 ( c ) ^ r 



ll^ £l )(-)lk (c) (£„)< 2 A/tl C «lll C -ll^„)ll^(Oll^ ro (£„). 
Hence, for (gC \ Eg, 



TV 



|£(C)-iK E 



H^(-)ll £2 (5c )+ ' C "'^- (C) H^(-)ll £2 (2 ) 



n— m+1 



^g^" IKidg-C^) 1 |lK(K n )H C '-ll>f(K n )ll A: ' l '('' l " J 



^M 2 (C) 



M 2 (C)^ 



It is shown, a posteriori, in Section 4 that the RHP for x(C) formulated in the Lemma is asymptotically 
solvable, whence \\X {■)\\ i r2 ,~ ^ const. = c and H^HOII^ ,? ^ const. = c. Furthermore 

- ^M 2 (C)(-' < -") ^M 2 (C)' 

Q, IKidE-C^E) -1 !!^^^) < const. ||(id £ - C lt ,£) _1 ||^( S£ ) < c (see above), *€ {3C, XL}. Recalling 



24 



A. H. Vartanian 



the expressions for and given in Lemma 3.3, that as t +00 and x — > — 00 such that 
z :=x/t< — 2 and (x,i)g~I m , {g n )~ x — 0(exp(— At sin(</> n )| cos(^ n ) — cos(0 TO )|)), and the definition 
ll £ (-) _I l l/:^^ (C\E e ) : = max l je{i,2}Sup CeC \ Sf . |(£(C)-I)y I, assembling the above, one arrives at 

— I ll J c2 l2CC) (c\s £ ) f ^(Oexpl -At mg mm ^ {sin(0„)| cos(0 n )-cos(0 TO )|} 

\ \ ne{m+l,'m'+2,...,W} 

where 3"e(C) =c^oo C ( I C I 1 ) an d 9^(0 =^0 hence, the asymptotic estimate for m"(C) stated 
in the Lemma. Finally, from the asymptotics for £(£) — I derived above, the ordered factorisation for 
m"(C) given in Proposition 3.1, and Eqs. (61) and (62), the large-£ asymptotics lead one to Eqs. (63) 
and (64). □ 



4 Asymptotic Solution of the Model RHP 

In this section, the model (normalised at 00) RHP for x(C) formulated in Lemma 3.5 is solved asymp- 
totically as t — > +00 and x— * — 00 such that z :=x/t<—2 and (x, t) € ~I m , m £ {1, 2, . . . , N}, and the 
corresponding (asymptotic) results for u(x,t), the solution of the Cauchy problem for the D/NLSE, 
and f± oo (\u(x',t)\ 2 -l)dx' stated in Theorem 2.2.1 (for the upper sign) are derived. 

Lemma 4.1. The solution of the RHP for x(C) : C \ (&d U Oc) — > M2(C) formulated in Lemma 3.5 is 
given by the following ordered factorisation, 

X(0= (l+r 1 A o )?(C)m d (C)x c (0, CeC\ (a d U a c ), 



where rhd(C) = (X lfiid(C) a i (sSL(2, C)) /ias i/ie representation 

m ( Res(x(C);?n) , criRes(x(C);?n)cri 



CP(C) = cri3 3 (C) CT i * s chosen (see Lemma 4.3 below) so that A a is idempotent, I-f£ 1 A D is holomorphic in 

a punctured neighbourhood of the origin, with A = o~iA o~\ (gGL(2,C)) anrf det(I+C _1 A )|^ = ±i =0, 
awe? determined by the relation 



N 



A o = ?(0)m d (0) X c (0)(<5(0)r J] (4(0))^ U, 



and satisfying tr(A ) = 0, det(A D ) = — 1, and A A — I, andx c {C)'- C\<7 C ^SL(2,C) solves the following 
RHP: (1) X C (C) is piecewise (sectionally) holomorphic V( € C \ d c ; (2) X±(C) := um c'^c X C (C) 

±Im(C')>0 

satisfy, for £ € M, i/ie jump condition 

y c (C) = y c ( t )e-^0(^H0t)^ 3 ) ( d-r(0^)*-(C)/* + (0 - | UC g (r i nU(4M)') . 

x+lu v^ron^.^fc))- 2 mo/mo J' 



(3) X C (C)= I+C^C 1 ); and (4) X C (C) = <nX c (C) <7i • 

cec\<r c 

Proof. One verifies that, modulo the explicit determination of A Q , 3 (C), m^C), an d X C (C) ; the 
ordered factorisation for x(0 stated in the Lemma, with the conditions on A Q , 5 (C), fhd(C); an( i X°(C) 
stated therein, solves the RHP for x(C) stated in Lemma 3.5. □ 

The determination of the asymptotics for the solution of the RHP for x c (C) : C \ a c — > SL(2, C) 
stated in Lemma 4.1 was the (principal) subject of study in |38|, and is given by the following 

Lemma 4.2. Let e be an arbitrarily fixed, sufficiently small positive real number, and, for z G {Ax , A2}, 
with Ai and A2 given in Theorem 2.2.1, Eq. (10), set U(z; e) := {£; |C~ z|<£}. Then, as t— >+oo and 
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x — ► — oo such that z :—x/t<~2, for (eC \ U ze ^x 1 \ 2 jV(z;e), X C (C) ^ as the following asymptotics: 

' c s (Ai)c(A 2 ,A 3 ,A;) (^(AaMAi.Ag.Ai) \ In* \ 



xSi(C)=i+o 



^2(^2 + 32) (C-Ai) ^(^+32) (C-A 2 ) i(Ai-A 2 )t 



Xl2(0_e 2 W*(Ai-A 2 )^+32)V4l (C-A X ) + (C-A a ) 



^(AiJcfAa.Aa^) , c 5 (A 2 )c(A 1 , A 3 , A 3 ) \ lni 



^2^ + 32) (C- Ax) ^/Ai(^+32) (C-A 2 ) i (Ax-A 2 )t 1 1 ' 



gW 7KAT)A7 2ii/(Al) / A^eW^f+f) A 2 e- i ( e+ ('°- t )+T) N 
X2l(0 6 2 #i-A 2 )(z? + 32)V4 ( C _ Al ) + (C-Aa) 



X2 2 (0 = l+O 



c s (Ai)c(Aa,A 3 ,A 3 ) , c s (A 2 )c(Ai, A 3 , A 3 ) \ In* 



VA 2 (^ + 32) (C-Ax) VATM+32)(C-A 2 ); (Ai-A a )t// ' 
// ^(AiJcCAa.Aa.Al) , c 5 (A 2 )c(A 1; A 3) Ai) \ lni \ 



yA 2 (z2 + 32)(C-Ai) v/Ai(z 2 + 32) (C-Aa) / (M-^)t J ' 

where A 3 , f(-), + (z o ,i), and 5 + (-), respectively, are given in Theorem 2.2.1, Eqs. (10), (11), (17), 

and (18), ||(--Afc)- 1 || £ » ( c\u ie{Al , A2} u( 2iE )) < °°, fee {1,2}, X C (C) = cnX c (C) <*\, and (x c (0)r7 2 ) 2 = I 
(+G(t- 1 lnt)). 

Sketch of Proof. Proceeding as in the proof of Lemma 6.1 in |38| and particularising it to the case 
of the RHP for x c (C) stated in Lemma 4.1, one arrives at 

Xu(C) = l- H ^ (S :\7Jfr r°°(e-^5 z D^(z)-ie^zD_ il/ (z))z"^e-^dz 



HW-WVp-W-'o- 3 ? r 00 (e ¥ 9zD _(z)-le- 2 f i zD_(z))z^e-4dz 

27ri(C-Ai)/3 21 B °e— XnVt Jo 

n -i - £J* ■ 371-1 Z'+OO 2 

_ f(\i)(s° A )~ e-^(-D-c^- / (e -^ ftDb/(jB)+ i e ^zDi„(«))^e-V dz 



27 ri(C-A 2 )/3 21 ' 4U A , A v / t 



rCAOd-lfCAOI^-H^C-D-o-^ i ( e f 3 (z) + |e~ t zDiy (z) ) z ly e _ ^ dz 



c s (\ 1 )c(\ 2 MM)(S%)- 2 , c s (A 2 )c(Ai,A 3 ,A 3 )(<5 A )- 2 \ i nt 



(C"Ai)|Ai-A 3 | v / (Ai-A 2 ) *b (C-A 2 )|A 2 -A 3 |\/(Ai-A2) * A / * 



v c /an / y(Ai)(^)^e^-e-T y(Ai)(l — |r(Ai)| 2 )~ 1 ((5 B ) 2 c'°jr . . , , 



f(A 1 )(^) 2 c-^c-^ r(A 1 )(l-|r(Ai)| 2 )- 1 (^) 2 cT 
2 7ri(C-A 2 )(-l) i "A'A\/t 2iri(C-A 2 )c"^ (-l) 1 "^^ / _/ 



r+oa 2 

/ D_i„(z)z^e"Td z 
Jo 



+ £W [ c s (Ai)c(A 2 ,A 3 ; A 3 )(<5°) 2 | C s (A 2 )c(A 1 ,A 3: A 3 )(^^) 2 \ Jnt 



(C-Ai)|Ai-A 3 |- v /(Ai-A 2 ) * B (C-A 2 )|A 2 -A 3 |- v /(Ai-A2) * A _/ * 
,,. , I f(Ai)(^)-^Tct r(A 1 )(l-|f(A 1 )| 2 )- 1 (jB)~ 2 c- a f i \ f + °° n f s i„ 

+00 2 

D i „(z)z it/ e-T-dz 



r(A 1 )^)- 2 c~ — e— r(A 1 )(l-|y(A 1 )| 2 )- 1 (^»)- 2 e-^ 



o 



2 7ri(C-A 2 )(-l)- i "A' A v / t 2n-i(C-A 2 )eT-(-l)- i "A' A Vt 

c s (Ai)c(A 2 ,A 3 M)(S B )~ 2 _i_ c ' 5 (A 2 )c(Ai.A 3 ,A 3 ")(<5 A )~ 2 Vl» 1 
«-Ai)|Ai-A 3 |- v /(Ai-A 2 ) X B (C-A 2 )|A 2 -A 3 | % /(Ai-A 2 ) # a 

+ OO 



X22(0 = l+ / ( y ( ?5^ C J T /r / (e*9 z D i ,(z) + ie-T zDi ,(z))z-e-Tdz 



2 7ri(C-A 1 )/3 12 B °A , Bv / i J 



(e-T9 z D i „(z) + |eT Z D ii; (z))z i VTdz 
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+00 



27ri(C-A 2 )/3 12 - 4U (-iy"X Ay /i J 

r(X 1 )(l-\r(\ 1 )\ 2 r 1 (S° A ) 2 e ! f 
27ri(C-A 2 )/3^ (-l)f X A Vt J Q 

e s (A 1 )e(A 2 .A 3 .Ai')(^) 2 



O 



(e-ra f D_ ii; (z)-|e-r z D_ il) (z))z-VT ds 

+00 2 
(e" t 9 z D_ it , (z) - ^^^-^(zjjz" 1 ^"^ dz 

c s (A 2 )e(Ai,A 3 ,Ai")(ai) 2 



(C-Ai)|A 1 -A 3 | A /(^i-^2) *b (C-A 2 )|A 2 -A 3 |V(*i-^2) X A J * 



In / 



where f(C)=r(C)nf= m+1 (4(C))- 2 (|f(Ai)| =KAi)|), «/ = i/(A 1 ), 

^ = |A 1 -A 3 |- i,y (2t(A 1 -A 2 ) 3 Ar 3 ) _f e z ( Al )exp(-|(A 1 -A 2 )(z + A 1 + A 2 )) 
< = |A 2 -A 3 |^(2t(A 1 -A 2 ) 3 A 2 - 3 )^e z ( A2 )exp(f(A 1 -A 2 )(z + A 1 + A 2 )) , 



Z(Ai 



1 
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m| M -Ai|dln(l-|r( M )| 2 )- 



2- 



ln| M -Ai|dln(l-|r( M )| 2 ), 



2tt 



Z(A a ) = -Z(A 1 ) + — / ln| A1 |dln(l-|r( A1 )| 2 ) + — / ln| M |dln(l-|r(M)| 2 ) 



2tt 



Ai 



A 2 



X, 



_ |Ai-a 3 | / a(Ai-A 2 ) 

A x 



A 2 



_ |A 2 -A 3 | /2(Ai-A 2 ) 



P12 



E B» 
P21 



/SlT-O 2 c 4 



A " — R A ° 
Pl2 — P21 



A 2 



?(Ai)r(i^) ' r LZ • ZL ?(Ai)r(w) ' 

r(-) is the gamma function pl[ , and D*(-) is the parabolic cylinder function | pl| . Using Eq. (10), 
one shows that |A fc — AalA^T 1 = (2A fe )- 1 / 2 (> 2 + 32) 1 / 4 , fee {1,2}. Using the identities gl) d z ~D Zl (z) = 
^(z 1 T) zl _ 1 (z)-'D zl+1 (z)), zD zl (z)=D 21+1 (z)+z 1 D 21 _ 1 (z), and \T(w)\ 2 = — 5 j^— ^ and the integral 

H J +o ° D Z1 (z)z^- 1 c- 2 / 4 dz = ^ CXP r y^ + J+|) 2)r(Z2) ' Re ( z 2) > 0, horn the above expressions 
for Xij(0> h3 e {1, 2}, and repeated application of the relation |r(Ai)||r(i^)|i'e :! ^ = (27W) 1 / 2 , one 
obtains the result stated in the Lemma. Furthermore, one shows that the symmetry reduction x°(C) = 
ctiX c (C)cti is satisfied, and verifies that (x c (0)o- 2 ) 2 = l+0(t~ 1 Int). □ 

Proposition 4.1. For me {1,2, . . .,N}, set Res(x(C); fti) := ("" nG{l,2,.. . ,m}. Tften 6„ = 
-anXi2(^™)/X22(^n); d n = -CnX^ fa)/x 22 fa) ; and {a„,c^}™ =1 satisfy the following (non-singular) 
system of 2m linear inhomogeneous algebraic equations, 










0,2 




52X12 (ft) 






ffmXl 2 (ftn) 


cT 




SlXlkfa) 


C2" 




32X22 fe) 


Cm 




- SroX^fan) J 



where 



'B; 



det(x c fa))+ff*W( X f 2 (Q),xi2fa)) 

X^fa) 

g? (Xl2 fa )X22 fa ) - X22 (ft )Xl2 fa ) ) 

(ft-ft/kmfe) 



i=je{i,2,. 
^je{i,2,. 



,m}, 
,m}, 



9j (X22 (ft )X22 fa ) ~ Xl2 (ft )Xl2 (ft ) ) 

(ft-^)x 22 fa) 



«',jG{l,2, . . . ,m}, 



. 9 * = |.g J |e i ^exp(2iA : fe-)(a ; + 2Afe)t))(% J ))- 2 J] (4fa))" 2 , ie{l,2,. 

k—m-\-l 



,m}, 



iot£/i Igjl and 9 9j given in Lemma 3.1, fwij, and W(xi 2 (z), X22( 2 )) : 



Xl 2 ( z ) X22O) 

&*xi2( z ) AxhW 
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Proof. Recall from Lemma 4.1 that x(C) '■ C \ (<7<2 U cr c ) — » Mg(C) has the factorised representa- 
tion x(C) - (i+r 1 Ao) ?(C) (i+Eti ( RC f-?J n) + ^ Re fig"^ ) ) x c (C), where X C (C) is given in 

Lemma 4.2. For me {1, 2, ... , N}, set Res(x(C); C„) := ( £ £), whence <7iRes(x(C); Cn) oi = ( ^ jjl); 
thus, 

x(C)=(i+±A o )5>(0 



c n i V^m , Cfc , ^ m bfc 1 i d„ , ^™ , d k i V^ m Qfc 



Xn(C) XI 2 (C) 

X2i(C) x§ a (0 



(65) 



As in the BC construction (id), one now Taylor expands x c (C) about {Cn}™ =1 : XijiO = Xyfa) + 
(<9 C X % -fa)) (C-^n)+C((C~^„) 2 ), «, j€ {1, 2}, where 9 c x? (?„) = 9 c x?-(C)|c=^. Recalling from Lemma 3.5, 
(in), that x(C) satisfies the polar (residue) conditions Res(x(C); Cn) = um f->?„ x(C)5n cr - an d R- es (x(C); 
c7T) = (TiRes(x(C); Cn) a~i, n£ {1, 2, . . . , m}, with 5* given in the Proposition, assembling the above, one 
shows that the only non-trivial conditions are 

anXl 2 fa)+ & nX2 2 fa)= > 
CnXl2 fa) +dnX22 fa) = 0, 

l + ~ Z= 5r*XI 2 fa) 

k =1 ^" ft fc=1 ^" ^ J 

/ to , m — \ 

+ Kg* n d C X22^n)+ V — ^= 5^X22(^0+1™ fanX^faH&nX^fa)) 



, , Cn~ Cfc f— ;C n — Cfc I C-K„ v ' C, — Cn 

fc— 1 / n 

fs^n / 



Cn Cfc j Cn Cfc 



CnXll^n)+d n X21^n)=C n g^d C Xi2^n)' 
, m \ 

rffc 1 flfc . c /_ x , ,. / „c , n , . „c /„ n 3n 



rfn<^CX22^n)+ 1 + Y] + = 5™*22fa) + lim (CnX^faH^Xzjfa) ) 

f-f Cn-Cfc f^Cn-Cfc C-»c» " w ' 



fc=i "* fc=l 



C-Cn 



From the first two equations of the above system, one gets that b n = — anXi 2 fa)/x 22 fa) an d d n = 
~ c nXi 2 fa)/x 22 fa) (whence, det("" ^™ ) =0): using the latter (two) relations, it follows from the last 
two equations of the above system that, for n€ {1, 2, . . . , m}, 



a„^ln = 2^ 1 +2^ Z^-+5t.Xi2W, c„X = 2^ — _— +Z^^Z +5nX22(^), 



where 



k=l ^ n ft fc — 1 ^ n ^ fc = 1 ^ n ^ fc — 1 ^ ^ 

, _ det(x c (c„))+.9„W(xi 2 (Cn),X22(5»)) p> _ X12 fa ) X22 fa ) - X C 12 fa )X§2 fa ) 

X2 2 (^«) X2 2 (^) 
-T, Xj 2 fa)X22fa) -Xl2fa)Xl 2 fa) 

X2 2 fa) 

thus, the (rank 2m) linear inhomogeneous algebraic system for {a„,c^"}™ =1 stated in the Proposition. 
The non-degeneracy of the (2m x 2m) coefficient matrix is a consequence of the asymptotic solvability 
of the original RHP formulated in Lemma 2.1.2 Q (see, also, Eq. (66) below). □ 

Proposition 4.2. As t ^+00 and such that z :=x/t<—2 and (x,t)E 1 m , m€ {1, 2, . . . , N}, 

for ne{l,2,...,m — 1}, 

an = 0(e^ +t ) , 6„ = 0(<- 1 /2 (z 2 + 3 2)- 1 /4 e ^ +t ) , 

Cn = 0(e~' +t ) , d n = o(t-^(zt + 32)-^e-l +t 
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where 3+:=4min me {i,2,...,w} {sin(0„)| cos(</>„) — cos(0 m )|} (>0), and 

"€{1,2 m-1} 

a - a" I 1 a 1 cS(z ° } ln 

■ (l+ff^S^(? m -w)- 2 )^Vt V (l+flmflm (?™~W)- 2 ) 2 (1+SmS™ (? m -w)- 2 )^ 

, c S (zo) In A 

V(^+3 2 ) 1/2 * / ' 

" m yt^^^V^o+sa) 1 / 2 t )- 2 ) ^^V^o+ss) 1 ^ t J' 

r - r° I 1 r 1 cS(z ° } lnt ^l 

m_ "' t Vt m \(z2+32) 1 ' 2 t y 

, n ( c s (z ) lnt \ 
+ L/ l,( Z 2 +32) 1 /2 t ) ' 

J — 1 r/ 1 Lflf c s (z p ) In A 1 gmXl 2 fcm) iflf c s (z„) l n A 

«m- V* a m "1-^^(^+32)1/2 t J — ^ (w-— )~ 2 ) + ^ V (* 2 +32)i/2 * J' 



where 



xf 2 (0 = 



v /(Ai-A 2 )(z 2 + 32) 1 /4 l ((-Ax) + 



(c-a 2 ) ; ' 



urcift !/(•), Ai, A 2; A 3; £+(•), and Q+(z ,t) specified in Lemma 4.2, and c s (z ) = c ( ^-^_^ 3> + 

c s (A 2 )c(Ai,A 3 ,A^) 

VA2~(Al — A2) 



n = m, and g„ | -| m = C(exp(— 4r sm(0„ j 
Proposition 4.1 that {a„, cvr}™ =1 solve 



Ai o(l) 
o(l) -4 2 

g™« m i 



g^s mm _i 



o(l) 

0(1) 



) such that z a < —2 and (x, t) S ~| m , 


cos(^ m )|)), ne {1,2,. 


. , m— 1}, one 




o(l) 















ai 
















Co 




_ Cm _ 



= [0(1), • • • , 0(1), g* m Xi2^m),o{i), . . . , 0(1), OclaOrm) ] T , 

V v ' * v ' 

m m 

where T denotes transposition, A n , B n k, and T> n k are given in the proof of Proposition 4.1, o(l) := 
C(cxp(— At min m e{i,2,...,iv} {sin(0„)| cos(0„) — cos(0 m )|})), and X12O) an d X22O) are given in Lemma 

ne{l,2,...,m-l} 

4.2. Solving the above system for {a n ,c^}™ =1 via the Cauchy-Binet formula, or Cramer's Rule, recalling 
the expressions for XijiOi *!.?' G {1j 2}, given in Lemma 4.2, setting Xi 2 (C) an d c s (z ) as in the Propo- 
sition, and recalling from Proposition 4.1 that b n = —cinXhiSn) / Xhi^n) and d n — -c„xf 2 (<r„) /x 22 (<^) > 
one gets the estimates for {a n , b n , c n , d n }™=i and the explicit — asymptotic expansion — formulae for 



{a m , b m , c m , dm} stated in the Proposition. Furthermore, setting y := 



defined in Proposition 4.1, from the asymptotic estimates above for {a n , b n , c n , rf n }™ =1 , and recalling 
that, as a consequence of the asymptotic solvability of the original RHP formulated in Lemma 2.1.2, 



% 



2L 
A 



with A and CB 



Asymptotics of the D/NLSE Dark Solitons on Continua 



29 



det(y)^0, an application of Hadamard's Inequality (| det(^)| 2 < Ylj=i Ei=i 13^ | 2 , where 3-y denotes 
the (i j)-element of y) shows that 

0<\dct(y)Uf[(l + °-±^^ (66) 



3=1 



where 



(x, t) := -2 sin(0 m ) (x+2t cos cj> m ) , (67) 

p{k, <m := ( n sin %tr + ti ) ( n 1 . ^ 




,, , , , , i -in(0 m )ln(l-|r(/i)| 2 ) d^ \ 

^"«" ,: =^H / / -/ -/ I ( ^- 2M cos(^)+i) 2^J' (69) 

and c s {z ) is given in the Proposition. □ 
The following Lemma is proved via the higher-order generalisation |54j of the Deift-Zhou (DZ) 
non- linear steepest descent method |5j| (see, also, |5q|), but its proof is far beyond the scope of the 
present work (it shall be presented elsewhere). 

Remark 4.1. Even though in Lemma 4.3 below, in the sensus strictu of asymptotic analysis, the 
exponentially small terms should be neglected, and thus not written out explicitly, in lieu of the 
t~P/ 2 (hii) q corrections, p^ 1, q€ {0, 1, . . . ,p— 1}, they are written there, and there only (see, also, Ap- 
pendix A, Lemma A. 1.7), in order to bring to the reader's attention the fact that there are additional, 
albeit exponentially small, terms that are due to the remaining solitons: thereafter, exponentially 
small terms are neglected. 

Lemma 4.3. As t^+co and x— > — oo such that z :=x/t<—2 and (x, t) £ ~[ m , m€ {1, 2, . . . , N}, 

no= 

where 

^ — ~ ^ al n (z )(lnt) q ( -4tmin m£{1 , 2 ,..., w} {sin(0„)|cos(0„)-co S (0 m )|} 

«^« 2 + =i+EE^%75 — + ° e " t{,,a m x) 

p=l q=0 V 

_ + al q {z ){\nt)1 f -4tmin me{ i t2 ,..., N} {sin(0„)|co S (0„)-cos(0 m )|} 

fl 3 = 2^ 2^ 7^72 1-0 ( e «e{i.2.-,m-i} 

p=l 9 =0 v 

ai (z )Qnt) 9 ( -4tmin me{1 , 2 N} {sin(0„)| cos(0„)-cos(0 m )|} 



/ c+ar 




C+a+ 
a+ 


C+2+ 
C+2+ 




C+a+ 



a ;; /2 +<? 



p=l g=0 



£{1,2, 



ai(^o)ec s (2; ), fce{l,3,4}, and ?(C) = ct 1 T(C) <n. 



Remark 4.2. Even though Lemma 4.3 is not proven in this paper, it will be shown that (see the proof 
of Proposition 4.6 below), up to the leading-order terms retained in this work, namely, terms that are 

°( (4+feU ¥). «?o(^o) = 0; thus, actually, a+ = Er=2E"=o 5 ^#^+0(cxp(-4imin^ f u, 2 ,.. ;i ,„} } 

{sin(0 n )|cos(^„)-cos(0 m )|})) = 0(^^75-^). Furthermore, to 0( {z 2 + %]\/2 lJ r), the asymptotic 

expansion for plays, in fact, no role in the final formulae of this paper. As a possible prelude 
to a motivation of why , i S {1,2,3,4}, have, modulo exponentially small terms, the asymptotic 
expansions stated in Lemma 4.3, one can apply the higher-order generalisation of the DZ method [54j to 
the proof of Lemma 6.1 in (3^] to show that XijiOi hj€ {!> 2}, have the asymptotic expansion Xij-(C) — 
% + Ep°=i ££S (x '-' (z ° ))p f;; 2 (C)) ^ (lnt)g , where is the Kronecker delta, ( X c n {-))w = (x§ 2 (0)io = 0, 
and ||(/y(-))p<jll£ oo (c\u- e{Al A2} u(z;£)) <oo; however, as stated heretofore, these details are omitted in 
this paper (it is the author's conjecture that =a^ = 0, namely, CP(£) is diagonal). 
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Proposition 4.3. Set a\ (z o ) =: a\, a 2 (z o ) —: a 2 , a\ Q (z ) — : az, and af (z o ) =:a 4 . Thenast^+co 
x^—oo such that z :—x/t<—2 and (x, i) <G~l m , m£ {1, 2, ... , TV}, 

11= - =i(5 1 (0)e il ^'==™+i <# ' fc H — — -(ai-&2) = - — + = 

Cm yt V Cm V Cm Cm / 



a 3 1 



_ A a° n \ 2,5(0) y^(A0 cos(e+(z ,£) + f) \ / c^(z ) In A 
^/ V W v /(^i-A2)(z 2 + 32)V4 J ^(^+32)V2^ 



(a o)12 = - r 1 -^>.(o)e-^^^ + i ^ 2i y— ^ fc ^( Sl - S2) ri-^) + f^ + g 

Crr 



< C ^2 < 5- 1 (0) V V(A0cos(e+(z o ,t) + f)^ f c ^(z ) lnt 



3 t„. = \/(A 1 -A 2 ) (^+32)V4 ~ J + V« + 32)" 2 

V ?m 7 Vi V I W I Urn 5m 

, 2,5(0) cos(e+(z ,£) + f) ^ / c^(z ) lnt 
- a 3 — + - =7T --.m ,„ + * 



c m v /(Ai-A 2 )(z 2 + 32) 1 /4 j V(^ 2 + 32) 1 /2 t ; ' 
(A ) 22 =— i(5(0)e 2l ^=™+i<^ + ^^ ( ai _ a2 )^i + _2I + _2I 

V £ \ £ m V £ m 



_ a °Ai h < p<r 1 (0)V^co S (e + (z o ,t)+f) \ 1 J IM lnt 

a \ ^J + \ ^) V / (A^A 2 7( 2 2 + 32)V4 ) + V(z 2 + 32)V2 * 
Proof. Recall from Lemma 4.1 that A = ?(0)m d (0)x c (0)(<5(0)) ,T3 (jlk= m +i( d k i ))" 3 )^- Col- 

•~- / a+ /a+ 2+ /a+ \ 

lect, now, the following facts: (1) from Lemma 4.3, 3>(0) = I -|- -|- ; (2) from the cxprcs- 

\ a 3 f a 4 a l / a 2 J 

sion for m<i(C) given in Lemma 4.1, the definition (cf. Proposition 4.1) Res(x(C);Cn) = (c"d")> 
n G {1,2, ...,m}, and the asymptotics for {a n , b n , c n , d n }™ =1 given in Proposition 4.2, one shows 
that 

(l _ £hl _ S \ / -4tmin ro€{ i, 2 ,...,jv } {sin(0„)| cos(0„)-co S (0 m )|} 

™<*(°)= h** /*" , ? ^ ? rf +02x2 e » e {i. a ,...,m-i} 

where C 2x2 (4) denotes a 2 x 2 matrix each of whose entries are 0(4); (3) from Lemma 4.2 and the 

1 7I^(of 



formula for Xi 2 (C) (=X 2 i(0) given in Proposition 4.2, one shows that X c (0)= ! ~c im ^ ) + 

2 x2((^T7.^);and (4) (5(0))-3(n^ 1 (4(0)r3) ff2 = W-H0)(nL n+ i(4(0))- 1 ) ff -- W (°) 
' (rifeLm+i ^fe Using the results of (l)-(4), and recalling the expression for A D given above, 

one arrives at 

N 



(A o ) 11 = |i<5- 1 (0)(M)(l-^-^)-(^ + ^ ) ) [] (4W)- 1 

AT 

+ |i^ (0) ( ( i-^-^ ) -M) ( ^ + ^ ) ) n (^(o))- 1 , 
(A o ) 12 =|^0)(-(i-^-^)+M(^+i)) n 

_ N 

+ | w(0) (_^i (1 _E_ fc)+(te+ ^ ) ) jj 4(0) , 



A;— m+1 



Asymptotics of the D/NLSE Dark Solitons on Continua 



31 



(A o ) 21 =|i<5- i (0)((i-^-^)-^f(^ + ^ ) ) n (4m- 1 

k=m-\-l 

^ N 

+ |i^(o)(Mi(i-^-^)-(^ + g)) n 

N 

(A o ) 22 =|^(0)(-M(i-i-^)+(it+^)) n 4w 
+p i( 5(o)(-(i-^-g) + ^(^ + s)) n 4(o). 



Using the asymptotic expansions for {a m , b m , c m , d m } (respectively, {af}f =1 ) given in Proposition 4.2 
(respectively, Lemma 4.3), one arrives at the leading-order results stated in the Proposition. □ 

Remark 4.3. In Propositions 4.4 and 4.6 below, one should keep, everywhere, the upper (respectively, 
lower) signs for Q lm =+tt/2 (respectively, 6~ lm — ~tt/2). 

Proposition 4.4. Let 4>(x,t), P((f> m ,<f>k), and Q(<p m ) be defined by Eqs. (67), (68), and (69), respec- 
tively. Then, for Q lm — ±7r/2, as t — ► +oo and x — > — oo such that z Q := x/t < —2 and (a;, t) G ~| m , 
me{l,2,...,JV}, 



a 



o 



2isin(0 m )| 7m | 2 P 2 ( ( /> m ,0 fc )g 2 (0 m )e 2 ^- t ) 
(l-| 7m | 2 P 2 (0 m ,^)Q 2 (^)e 2 ^^)) : 



o _ 2sin(0 m )| 7m | ( 5- 1 (O)e i (^+ s+ )+^' t )p(0 m > fc )Q( ( /»„ l ) 

c m ~~ "F 



(l-|7m| 2 ^ 2 (0 m ,^)Q 2 (^ m )e 2 ^' t )) 



i _ 16iA 2 sin 2 (0 m )| 7m | 3 yKAOP 3 (^ m ,0 fc )g 3 (0 m )cos( S +)e^( a; '*) 



(l-| 7m | 2 P 2 (0 m ,^)g 2 (0 m )e 2 ^ t) ) 2 (A 2 -2A 1 cos(^ m ) + l) 2 v /(Ai-A 2 )(z 2 + 32) 1 /4 
x (((Ai + A 2 ) cos(0 ro ) - 2) cos(e+ {z , t) + f ) + (Ax - A 2 ) sin(</> m ) sin(6 + t) + f )) 
2Ai sin(0 m )| 7m | VKAij P(^m, fa)Q(^ m )c^ x ^ 



(l-|7 m | 2 ^ 2 (0 m ,^)O 2 (0m)e 2 ^^)(A 2 -2A 1 cos(^ m ) + l) v /(A 1 -A 2 )(z 2 + 32)i/4 
x (2cos(s + )cos(e + (z o ,t) + f)-(A 1 + A 2 )cos(0 m + s + )cos(e + (z o ,i) + f) 

- (Ai-A 2 )sin( ( / )m + s+)sin(e + (z ,t) + f) + 2isin( S +)cos(e + (z ,t) + f) 

- i(Ai + A 2 ) sin(0 m + s+) cos(9 + (z a , t) + f ) +i(A x - A 2 ) cos(0 m + s+) sin(e+ (z„, t) + f )) , 



bl = 



2iA 1 sin(0 m )| 7 „J 2 yKAT) ( 5(O)e- i (0 m +^ + )+20(-,*)p2 ((/)m ^ fc) Q2 (0m) 



(l-| 7m | 2 P 2 (0 m ,^)O 2 (0 m )e 2 ^'*))(A 2 -2Aicos( ( /) m ) + l) v /(A 1 -A 2 )(z 2 + 32) 1 /4 

x (2cos( S +)cos(e + (z o ,t) + f)-(A 1 + A 2 )cos(0 m + s + )cos(e + (z o ,i) + f) 

- (Ai-A 2 ) sin(0 m + s+) sin(6+(z , i) + f ) + 2isin(s+) cos(9 + (z , i) + f ) 

- i(Ai + A 2 ) sin(0 m + s+) cos(9 + t) + f ) +i(Ai - A 2 ) cos(<£ m +s+) sin(e+ {z Q , t) + § )) , 
16A 2 sin 2 (0 m )| 7m | 2 v ^(AT) r 1 (O)c i (^+ s+ )+ 2 ^^*)P 2 (0 m , ^)Q 2 («/) m ) cos(s+) 



c 1 =_ 

' ''■I v ) 



(l-| 7m | 2 P 2 (0 m ,0 fe )g 2 (0 m )e 2 ^*)) 2 (A 2 -2A 1 cos(^ m ) + l) 2 v /(Ai-A 2 )(z 2 + 32)i/4 
x (((Ai + A 2 ) cos(0 m ) - 2) cos(e+ { Zo ,t) + l) + {\i - A 2 ) sin(0 m ) sin(6+ {z a , t) + \ )) 

2iA 1 sin(0„O| 7m | 2 v ^^rHO)e i( ^ +s+)+2 ^' t) P 2 (0 m ,0 fc )g 2 (0 m ) 
(l-| 7m | 2 P 2 (0 m ,0 fc )Q 2 (^m)e 2 ^^)(A 2 -2Aicos( ( /) m ) + l) x /(A 1 -A 2 )(z 2 + 32) 1 /4 

x (2cos(s + )cos(e + (z o ,t) + f)-(A 1 + A 2 )cos(0 m + S +)cos(e + (z o ,i) + f) 

- (A! -A 2 ) sin(</> m + s+) sin(e + (z ,t) + f)-2isin(s + )cos(e + (z ,t) + f) 

+ i(Ai + A 2 )sin(0 m + s + )cos(e + (z o ,t) + f)-i(Ai-A 2 )cos(0„ l + s + )sin(e + (z o ,i) + f )) 

8A 2 sin 2 (0 m )| 7m | 2 7^^ 1 (O)e i <^+^ + )+ 2 ^' t )P 2 (0 m ,0 fc )g 2 (0 m ) 
(l-| 7m | 2 P 2 (0 m ,0 fe )g 2 (0 m )e 2 ^^))(A 2 -2A 1 cos(^ m ) + l) 2 V(Ai-A 2 )(z 2 + 32)i/4 
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x ((((A 1 +A2)cos(0 m )-2)cos(e + (z o ,t) + f) + (A 1 -A 2 )sin(0 m )sin(e + (z o ,i) + f))cos(s + ) 

- i(((A 1 + A 2 )cos(0 m )-2)cos(e + (z o ,i) + f) + (A 1 -A 2 )sin(0 m )sin(e+(z o ,f) + f)) sin(s+)) , 

d i =± gAi sin(^ m )| 7m | y^Al) P{<p m , ^)Q(0 m )e^> 

(l-| 7m | 2 P 2 (0 m ,^)g 2 (0 m )e 2 ^ t ))(A2-2A 1 cos(0 m ) + l)V(A 1 -A 2 ) (^ 2 + 32)i/4 

x (2cos( S + )cos(e + (z o ,<) + f)-(A 1 + A 2 )cos(0 m + s+)cos(e + (z o ,t) + f) 

- (Ai-A 2 )sin(0 m + s+)sin(e + (z o ,t) + f ) + 2isin(s+)cos(e + (z ,i) + f ) 

- i(Ai + A 2 )sin( ( / )m + s + )cos(e + (z ,t) + f )+i(Ai-A 2 )cos(0 m + s+)sin(e + (z o ,t) + f )) , 

where s + is given in Theorem 2.2.1, Eq. (11). 

Proof. Recalling the definitions of {a° t , a x m , h x m , c^, c^, d^} given in Proposition 4.2, substituting 
into them the expressions for g* m and Xi 2 (C) given in Propositions 4.1 and 4.2, respectively, using 
standard trigonometric identities, and defining (j)(x,t), P((f> m7 (j)k), and Q{<p m ) as in Eqs. (67), (68), 
and (69), respectively, one obtains, after tedious, but otherwise straightforward calculations, the result 
stated in the Proposition. □ 

Proposition 4.5. As t—t+<x> and x oo such that z :—x/t<—2 and (x, t) G ~\ m , me {1, 2, ... , N}, 



r ( N 

/ (|u(a;',t)| 2 -l)da ; '= -i { (A ) n +a+ -a+ +a m + d m + 2i ^ sin(^) 
(| U (x',t)| 2 -l)d^= / (Ka/,i)| 2 -l)dz'-2£ S in(0„)-/ ln(l-|r( M )| 2 )^. (72) 

-OO */+00 71=1 00 

Proo/. Recall Eqs. (63), (64), and (65) for u(x,t), f+^Quix', t)\ 2 - 1) da;', and x(C), respec- 
tively. Using the result for 7{Q (respectively, Xij(C); G {1, 2}) stated in Lemma 4.3 (respec- 
tively, Lemma 4.2), noting that ((5(0)^ = c ^o l±i((/° co +/ A A 2 1 )ln(l-|r( M )| 2 )^)c- 1 +0(r 2 ) and 

Uk= m +i( d k (O)* 1 =c^oo l±(EfeLm+i(^ _ ft))C _1 +0(C _2 ), and using the asymptotic estimates 
for {a„, 6„, c„, dn}™^ 1 given in Proposition 4.2, one forms the large-£ asymptotics for x(C) given in 
Eq. (65) to show that 

N N 



(C(x(C)(<5(C)r II (<*fc(0r-I))n ^ (A ) 11 +a+-a++a m + d m + J2 

fc=m+l <ec\(a d u CTc ) fc=m+l 

+ {/ivr) Mi_ir( ^ 



(c(x(c)wo)- n «(or-i))i2 ^ (Ao)i 2 +s 3 + +6 m +^+ ^;^ c A2)(22 ^ 2)1/4 

x (A 1 e- i ( e+ (*-*) + *) + A 2 e i ( e+ (*- t ) + *)) +o( J £^ m ^f) +0{^) , 

where g:=4min „ e (i, 2 «) {sin((/>„)| cos(</>„)— cos((^ m )|} (>0). Neglecting exponentially small terms 

(cf. Remark 4.1), from the expressions for u(x,t) and j +oo (\u(x' , t)\ 2 — 1) dx' given, respectively, in 
Eqs. (63) and (64), and the trace identity (cf. Eq. (4)) f+™(\u(x', t)\ 2 -l) dx' = (J^ oo +/+ 00 )(|ii(x', t)\ 2 - 
1) dx' = — 2 J2n=i sm (^rt) — X^to hi(l— |r(/i)| 2 ) one obtains the results stated in the Proposition. □ 



Asymptotics of the D/NLSE Dark Solitons on Continua 



33 



Proposition 4.6. As t^>+oo and x oo such that z :—x/t<—2 and (x,t)& ~\ m , me {1, 2, ... , N}, 

for 9 7m =±ir/2, 



+ 



, _.( | 2 S in(0 m )| 7m |P(0 m ^ fc )g(0 m )e^) V^AQ , + 

1 Aojll -\ ± (l-| 7m | 2 P 2 (0 m ,^)Q 2 (^)e 2 ^)) + ^(Ai-A 2 )(z2 + 32)V^ ^ 

+ 4 S in(0 m )| 7m | 2 P 2 (0 m ^ fc )Q 2 (0 m )sin( S +-^ m )cos(e+(z o ^) + f)e 2 ^^ 
4jC ° KS j (l-|7m| 2 P 2 (0m,0fc)Q 2 (0 m )e 2 ^) 
8A 2 S in 2 (^ m )| 7m | 2 P 2 (^ m , fc )g 2 (0 m )(l + | 7m | 2 P 2 (^, ^)Q 2 (0 m )e 2 ^-*))e 2 ^^ 
(l-| 7m | 2 P 2 (0 m ,0 fe )Q 2 (0 m )e 2 ^ t )) 2 (A 2 -2A 1 cos( ( /> m ) + l)2 

x (((A 1 + A 2 )cos( ( / )m )-2)cos(e + (z ,f) + f) + (A 1 -A 2 )sin( ( /.„ l )sin(e + (z ,i) + f))cos(.s + ) 

4A 1 sin(0 m )cos(^ m )| 7m | 2 P 2 (0 m; fc )Q 2 (^ m )e 2 ^' t ) , . + + 
+ (l-| 7m | 2 P 2 (0„ i ,0 fe )Q 2 (0 m )e 2 ^.*))(A 2 -2A 1 co S (0 m ) + l)^ &mlS <^ C0 H H 
+ f)-(A 1 + A 2 )sin( S + )cos(e + (z ,t) + f) + (A 1 -A 2 )cos( S + )sin(e+(z ,i) + f)))) 

-L ( c s (z ) In A 

^ V( 2 ?+ 32 ) 1/2 * ' 
, = _ . -i(e+(i) +s+ ) , 2sin(0 m )| 7m | 2 P 2 (0 m ^ fc )g 2 (0 m )e^( g+ ( 1 )+^+ s+ )+ 2 ^- t ) 
1 oJl2 " (l-|7m| 2 P 2 (0 m >/c)Q 2 (^ m )e 2 ^)) 

1 / 2iIm(a 1 -a 2 ) S in(0 m )| 7m | 2 P 2 (0 m , ( / )fc )Q 2 ( ( /> Tra )e- i ^ + (i)+^+^ + )+^(^*) 
V^V (l-|7m| 2 P 2 (0 m >fe)Q 2 (0m)e 2 ^^) 
± 4isin(0 m )| 7m |P(0 m; fc )Q(0 m )V^Ar)e- i ( 6,+ ( 1 )+ 2s+ )+^- t )c OS (e+(z o ,t) + f) 



(l-| 7m | 2 P 2 (0 m ,^)Q 2 (0 m )e 2 *(^*))V(Ai-A 2 )(z o 2 + 32)i/4 
16iA 2 sin 2 (0 m )| 7m | 3 P 3 (^ m , ^)Q 3 (0 m )yKAT) e-^ + (D+ S + )+30(,,t) cos(s+) 



(l-|7 m | 2 P 2 (0m,0fe)Q 2 (0m)e 2 ^) 2 (A 2 -2A 1 cos( ( / ) „O + l) 2 V(Ai-A 2 )(z 2 + 32)V4 

x (((A 1 +A 2 )cos(0 m )-2)sin(0 m )cos(e + (z o ,<) + f) + (A 1 -A 2 )sin 2 (0 m )sin(e + (z o ,i) + f) 
+ i(((Ai + A 2 ) cos((f> m ) - 2) cos(0 m ) cos(9+ (z Q , t) + f ) + (Ai - A 2 ) sin((/> m ) cos(^ m ) 

x sin(e+(z ,t) + f))+Im(S 1 -a 2 )c- i ( £ ' + ( 1 )+ s+ ) 

4Ai sin(0 m )|7 m |P(0 m; fc )g(0 m ) y / KA7) e- i ( 9+ ( 1 )+^ + )+^- t ) 

(l-|7 m | 2 P 2 (0m,0fc)Q 2 (0m)e 2 ^ t ))(A 2 -2A 1 co S (0 m ) + l) v /(A 1 -A 2 )(z 2 + 32) 1 /4 

x (T2sin(s + -0 m )cos(e + (z o ,t) + f)±(Ai + A 2 )sin(s+)cos(e + (z o ,i) + f) 

T (Ai - A 2 ) cos(s+) sin(6+ (z , t) + f ))) +0 ( ¥) . 

T ,~ ~x L v / ^sin( S +)co S (e+(z o ,t) + f)(l-|7 m | 2 P 2 (^ m ,^)g 2 (0 m )e 2 ^)) 

Imlai — a 2 ) = ± . ■ — 

x /(Ai-A 2 )(z 2 + 32)i/4 sin (^ m )| 7m |p( (/)m7 fe )g(0 m )e0(M) 

± 4A 2 VKAQ S in(^ m )|7 m |P(0 m ^ fc )g( ( /> m ) s in( S +)e^' t ) 

(A 2 -2Ax cos( ( /» m ) + l) 2 ^(A 1 -A 2 ) (z 2 + 32) 1 /4 
x (((Ai+A 2 )cos(0 m )-2)cos(e + (z o ,t) + f) + (A 1 -A 2 )sin( ( /) m )sin(e + (z o ,t) + f)) 
± 2A 1 VK^co S (^)| 7m |P(^^ fc )g(0 m )e^) 

(A 2 - 2A X cos(0 m ) + 1) ^(A! - A 2 ) (z 2 + 32) V4 ^ ^ Vm > y K > 



(A1+A2) cos(s+) cos(e+(z , i) + f )-(Ai-A 2 ) sin(s+) sin(e+(z , t) + f )) 

2 , '7/i A 1 I ~ ... . / '( < >,„ . 1 >i )( )l f)„, ) ('< 



2 v /i^| 7m |P(^ m ,^ fe )g(0 m )cos(s+-^ m )cos(e+(^,i) + f)e^ t ) 



V /(A 1 -A 2 ) +32)V4 

A 

, (22+32)1/2 * 

Re(ai — a 2 ) = Re(a3) = 1111(03) = 
where + (-) is given in Theorem 2.2 A, Eq. (8). 
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Proof. Recall from Lemma 4.1 that: (1) A = ?(0)m d (0)x c (0)(6(0)) ff3 (nf= m+ i(4(°)) <T3 ) (7 2; 

(2) tr(A Q ) = 0; (3) dct(A ) = -1; and (4) A A = I. Taking the determinant of both sides of the 
above expression for A Q and using the fact that det(A ) = — 1, it follows that, modulo terms that 
are 0( ( z 2 +3 2)i/2 ^r)i an d always ignoring exponentially small terms, det(3 3 (0)) = (det(m<i(0))) _1 . 
Before proceeding further, this will be verified; in particular, since fhd(() € SL(2,C), it must be the 
case that, modulo terms that are 0( , 2, 39U/2 det(md(0)) = 1. From Lemma 4.3, keeping only 



c s ( _ 

-(^+32)1/2 t 

2Rc(ai— q 2 ) i (r\( c s (z ) l n t \ 



leading-order terms, one shows that det(J>(0)) = 1+ \)- t ° 2i +0( { J + ]^)i/2 ^j 1 ), and, from the proof 
of Proposition 4.1, the estimates of Proposition 4.2, and noting that (1 — ^— )(1 — = ) — ^ = = 1 
and J*+~ ^^a/lcosc'ilHi/ IT = (which is proven using the symmetry reduction r(C _1 ) = -r(C)), 
one shows that (dct^O)))- 1 = l+^Re((l- + + + +Q( ^-0^ 1^1); thus, 

from the — yet to be verified — identity det(J ) (0)) = (det(md(0))) _1 , and the above, it follows that 
Re(Si-a 2 ) = Re( (l-^)(^ + ^) + ^(^- + ^k)Y If the formulae presented thus far are correct, 

\ J 

then one must be able to show from them that the right-hand side of the latter relation equals zero. 
From Proposition 4.2, and repeated application of standard trigonometric identities, one shows, after 
a very lengthy and tedious algebraic calculation, that {9 lm —±tt/2) 

R c f£L(^k + £k^ = ± 16A 1 si " 3 (^)l7 m | 3 i j3 (0 m >OQ 3 (0 m )V^(Ai) (l + | 7m | 2 P 2 (0 m ,0 fc )Q 2 (0 m )e 2 '» (3: - t) )e 3 '»'^ f ' 
~'l (A 2 -2AiCos(0 m ) + l)V(Ai-A2)(^+32) 1 / 4 (l-|7 m | 2 -P 2 (0 m ,0 fc )Q 2 (0 m )e 2 *( a =. t )) 3 

x (((A 1 +A 2 )cos(</) m )-2)cos(e + (z ,i) + f) + (Ai-A 2 )sin( ( /. m )sin(e + (z ,i) + f)) 

v n™(»+\ + 8A 1 sin 2 (0 m )cos(0„ 1 )| 7 „ 1 | 3 P 3 (0 m ,0, <; )Q 3 (0„ 1 ) % / 1 y(A 1 )c 3 -»< 3: - t » 

X COSI S J Zt ... _ 



' (l-|7 m | 2 P 2 (0 m > fe )Q 2 (0 m )o 2 * <x ' t) ) 2 (A 2 -2A 1 cos(0 m ) + l)V(Ai-A2)(^ 2 +32) 1 / 4 

x (2 sin(s+ - </> m ) cos(9 + (z , t) + f ) - (Ax + A 2 ) sin(s+) cos(e+ {z Q , t) + f ) 
+ (Ai- A 2 ) cos(s+) sin(6 + (z , t) + f )) , 

and 

V «m^Sm (Jj + (A 2 - 2 Ai CO S (0 m ) + l) 2 A /(A 1 -A 2 )( Z 2 +3 2 )l/4(l_| 7m |2 P 2 (0mi ^ )Q 2 (0m)e 2«(x, t ))3 

x (((A 1 + A 2 )cos(0 m )-2)cos(e + (z o ,i) + f) + (A 1 -A 2 )sin(0 m )sin(e+(z o ,i) + f)) 

v ™ c / +W 8A 1 sin 2 (0„ 1 )cos(0 m )| 7m | 3 P 3 (0 m ,0 fc )Q 3 (0 m )y i ,(A 1 )c 3< »''- : ' t ' 

X COS! J -\- 



(l-|7 m | 2 -P 2 (0 m ,0fc)Q 2 (0 m )c 2 *< !c ' t >) 2 (A 2 -2A 1 cos(0 m ) + l) % /(A 1 -A2) (z 2 +32)V4 

x (2sin(s + -0 m )cos(e + (z o ,<) + f)-(A 1 + A 2 )sin( S + )cos(e + (z o ,i) + f) 
+ (A 1 -A 2 )cos(s + )sin(e+(z ,t) + f)) ; 

thus, adding, Ref(l — =)(^ nL + = ) + ^ L (^ [!L +=) \ =0, whence Rc(ai — a 2 ) = 0. Recalling the expres- 



sion for (A )n given in Proposition 4.3, the estimates and expansions of Proposition 4.2, and the 
fact — just established — that Re(ai — a 2 ) = 0, one shows that 

(A«)n = ^A o ) n +i((A o )f 1 + ^A o ) n ) + 0(^!f), 

where 

(A \ a — -r 2Im(ai-a 2 ) sin(0 m ) | 7m |P(0 m ,0 fc )Q(0 m )e'»< x - t ' 
V^-Mh • h (l-| 7m | 2 P 2 (0 m ,0 fc )Q 2 (0 m )o 2 «( :c . t )) 



+ g3 ^^!=jSlg^^ 2 - BB ^») rixi(<5M-(l)+a+)-Im(^) coB(£M-(l) + a +) 

4sin(0 m )| 7m | 2 P 2 (0 m ,0 fc )Q 2 (0 m ) v / ^(A7)co S (e+(z o ,t) + f ) cos( S + ~0 m )c 2< »'^ t ' 
(l-| 7m | 2 P 2 (0 m ,0 fc )Q 2 (0 m )o 2 *<-> t ))V(Al-A2)(z 2 +32)i/4 

2Re(a3)sin(0 m )| 7m | 2 P 2 (0 m ,0 fc )Q 2 (0 m )cos(^++0 m +g + (l))e 2, » (:,: - t) 
+ (l-| 7m | 2 P 2 (0™,0 fe )Q 2 (0 m )c 2 *< !c ' t ') 

2Im(a 3 ) S in(0 m )| 7ttl | 2 P 2 (0 ttl ^.,.)Q 2 (ii6 m )sin( S ++0 m +e+(l))e 2, » (x - t) 
(l-| 7m | 2 P 2 (0 m ,0 fc )Q 2 (0 m )e 2 *(-.") 

8A 2 sin 2 (0 ttl )| 7m | 2 P 2 (0 ttl > fc )Q 2 (0 m )7I<A7) S in( S +)e 2 ^ 3: - t ) 

(l-| 7m | 2 P 2 (0 m ,0 fc )Q 2 (0™)e 2 *(--*))(A 2 -2Ai cos(0 m ) + l) 2 % /(Al-A 2 ) (z 2 +32)!/4 
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x (((Ai+A 2 )cos(0 m )-2)cos(e+(z o ,t) + f ) + (Ai-A 2 ) sin(0 ro ) sin(e+(^ , t) + §)) 

4Ai sin(0 m )co S (0 m )| 7m | 2 P 2 (0 m ,(/. fc )Q 2 (0 m ) % / i y(A 1 )c 2l »< 3: ' t » 

(l-|7 m | 2 P 2 (0™,0f=)Q 2 (0™)e 2 *^- t »)(A 2 -2Aicos(^ m ) + l) A /(A 1 -A 2 )( z 2 +32)i/4 

x (2 cos(s+ - (j) m ) cos(e+ (z , t) + f ) - (Ai + A 2 ) cos(s+) cos(e+ t) + f ) 
- (A 1 -A 2 )sin( S +)sin(e+(z ,i) + f)) , 

(A \/3 , 2 S in(0 m )| 7 „|P(0 m ^QQ(0 m )e'»< 3: - t > 

{^o)n — 3= (l-| 7m pp2(0 m ,0 fe )Q 2 (0m)o 2 «-.*)) ' 



(^o)ii := - +Re(a 3 ) cos^ (l) + . S +)-Im(a 3 ) sin(g+(l)+ S +) 

4 S in(^ m )| 7m | 2 P 2 (^ m ,0 fc )Q 2 (0 tT1 ) A /i/(A 1 )cos(e+(^,t) + f ) sin(^+-0 t „)c 2 '»' a: ' t ' 
(l-|7m| 2 P 2 (0™,0 fc )Q 2 (0 m )e 2 *(-. t )) % /(Ai-A 2 )( Z 2 +32) 1 / 4 

2Re(a3)sin(0 m )|7 m | 2 P 2 (0 m ,0 fc )Q 2 (0 m )sin( S ++0 m +9+(l))e 2 ^( J; ' t ) 
^ (lH7m| 2 P 2 Wm,0 fc )Q 2 (0m)e 2 «*^) 

2Im(a 3 )sin(0 m )|7 m | 2 P 2 (0 m ,0 fc )Q 2 (0 m )cos(s++0 m +e+(l))e 2 ^( x ' t ) 
" 1 (l-|7™| 2 P 2 (0™,0fc)Q 2 (0™)o 2 * (a; ' t) ) 

S^sin 2 ^^^^ 

(A 2 -2AlCO S (0 m ) + l) 2 V(Al-A2)( Z 2 +32) 1 /4(l_| 7 |2p2 (0m>fc) Q2 (0m)e 2*(x,t) ) 2 

x (((Ai+A 2 ) cos(</> m )-2) cos(e+(z , i) + f ) + (A!-A 2 ) sin(0 m ) sin(e+(z , t) + §)) 

4Ai sin(<ji TO )cos(0 m )|7 m | 2 P 2 (<jt> TO ,<> fc )Q 2 (0 m )V^(Ai)c 2l »' 3: - t » 

(l-|7 m | 2 P 2 (</-™> fe )Q 2 (0 m )e 2 *( a =' t ))(A 2 -2A 1 cos(0 m ) + l) > /(A 1 -A 2 ) (z 2 +32)i/4 

x (2sin(s+-0 m )cos(e + (z o ,<) + f)-(A 1 + A 2 )sin(s+)cos(e + (z o ,i) + f) 
+ (A 1 -A 2 )cos(s + )sin(e + (z ,t) + f)) , 

and 8 + {-) is specified in the Proposition. Recalling that tr(A G ) = 0, it follows that Re((A )n) = 0; thus, 
(A„) n =0, which gives a relation for Im(ai— a 2 ), but, since Re(a 3 ) and Im(a3) are as yet undetermined, 
this is not enough. Towards this end, one uses the condition det(A Q ) = (A )n(A )n — (A )i 2 (A )i 2 = 

— 1 (Note: if the conditions tr(A o ) = and det(A ) = — 1 are satisfied, then it follows that A A = I is 
also satisfied, so it is enough to use the condition det(A„) = —1). From the formula for (A )n given 
above, and the expression for (A D )i 2 given in Proposition 4.3, one shows that 

(A o)l2 ^ i ; = (l-<)(l-§) + ^(Re((a 1 -a 2 )(l-<)(l-i)) 



-Rc((l-^)(^ + ^)W((l-^)^p 

V> fm A 5„ fm',1 \^ fm^ (m ^/(Ai-J 2 ) (z 2 +32)V4 

Using the estimates given in Proposition 4.2, and recalling that Re(ai — a 2 )=0, one gets that 



/A W A X _ 1 , 4sin 2 (4> m )h m \ 2 P 2 (4> m ^ k )Q 2 (4> m )o 24 ' (!c - t) | 4sin 2 (4> m )h m \ 4 P i (4> m ,'l>k)Q i (<p m > 44 ' i!c - t) 

{l^o)12\^o)12 1-t" ( 1 _| 7m |2p2(0 m fc )Q2(0 m ) o 2*(x,t)) "I" ( 1 _| 7m |2p2(0 m fc )Q2(0 m ) c 2«(x,t))2 



2_l 4sin(0 m )| 7m |P(0 m ,0 fc )Q(0 m )^/ 1 y(A 1 ) cos( s +) cos(e + (z ,t) + f )e^> 
St\ "' (l-|7 m | 2 P 2 (0 m > fe )Q 2 (0 m )o 2 '"<^*»)V( A i- A 2)( 2 2 +32)i/4 



± 8sin 2 (0„ 1 )|7 m | 3 P 3 (0 m ,0 fc )Q 3 (0„ 1 ) A /i/(A 1 ) sin(s+-0 m ) cos(e+( Zo ,t) + f ) e 3 ^>'> 



± 



(l-|7™| 2 P 2 (0 m ^* : )Q 2 (0 m )o 2 * (:c ' t) ) 2 V / ( A i- A 2)(^ 2 +32) 1 /4 

;r^2^^ 

4 S in 2 (0„ I )|7 m | 3 P 3 (0 m ,0 fc )Q 3 (0 m )e 3 '»'^ f ' 



^ ^^fei^^T^O^F (Re(«3)sin(.s+ + g+(l) + ^) + Im(a3)cos( S + + g+(l) + m )) 
± leA'W^OjTr^ 

(A 2 -2Aico S (0 m ) + l) 2 7(A7^^( z 2 +32)V4(i_| 7m |2p2 (0m)0fc) Q2 (0m)e 2*(x,t) ) 3 

x (((A 1 +A 2 )cos(0 m )-2)cos(e + (z o ,t) + f) + (A 1 -A 2 )sin(0 m )sin(e+(z o ,t) + f)) 
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± 8A1 sin 2 (<ft TO ) cosC^)^^! 3 P 3 (<P m ,4>k)Q 3 (<t> m )\/v(M) c 3 ^^" 

(l-|7 m | 2 ^ 2 (0 m ,0fc)Q 2 (0m)e 2 *(-. t )) 2 (Af-2A 1 co S (0 m ) + l)^/(A 1 -A 2 ) ( z 2 +32 )i/4 

x (2sin(s + -0 m )cos(e + (z o ,t) + f)-(A 1 + A 2 )sin(s + )cos(e + (z o ,i) + f) 
+ (Ax - A 2 ) cos( S +) sm(e+ (z Q ,t) + f )) ) +0 ( ¥) ■ 

From the expression for (A )n given above, and using the fact that (A o )" 1 = 0, one shows that 



(A\ (A - 4sin 2 (0 m )| 7m | 2 P 2 (0 m ,0 fc )Q 2 (0 m )e 2 ^ 3: - t > 

^oJlU"oill — ( 1 _| 7m |2p2(0 mi fc )Q2(0 m ) e 2«(x,t))2 



+ \/t ^ T (l-|7™| 2 P 2 (0 m ,0 fc )Q 2 (0 m )c 2 *< :c ' t »)V( A i- A 2)(^+32) 1 / 4 

± 8sin 2 (0 m )| 7m | 3 P 3 (0 m ,0 fc )Q 3 (0 m ) v ^(A7) sin(s+-0„ 1 )cos(e+(z o ,t) + f je 3 ^*-*' 
(l-|7 m | 2 ^ 2 (0 m ,0fc)Q 2 (0™)e 2 '*<^ t )) 2 V( A i- A 2) (^+32)1/4 

2Rc(g 3 )sin(0 m )| 7m |P(^ m ^Q(0 m )e^- t > / , + 

(l_| 7m |2p2(0 m fc )Q2(0 m ) o 2^(x,t)) ^U&^O TV 

, 2sin(0 m )| 7m | 2 P 2 (0 m ,0 fc )Q 2 (0 m )sin( S ++0 m +e + (l))c 2 '* ,( ' ,: ' t) \ 
+ (l-|7 m | 2 P 2 (0 m ,0 fc )Q 2 (0 m )o 2 «(^ t >) J 

i 2Im(a 3 )sin(0 m )| 7m |P(0 m ^Q(0 m )c^> t > / ■ , + p +n » 
^ (l-| 7 m| 2 P 2 (<)!.m,^)Q 2 (<!!.m)e 2 *(»,*)) V + P 

, 2sin(0 m )| 7m | 2 P 2 (0 m ,0 fc )Q 2 (0 TO )co S ( S ++0 m +9 + (l))e 2l » (x - t) \ 
+ (l-|7 m | 2 P 2 (^,0 fc )Q 2 (0 m )o 2 *<--*)) J 

± 16A 2 sin 3 (^ m )| 7m | 3 P 3 (^ m > fc )Q 3 (0„)7I^co S ( S +)(l + | 7m | 2 P 2 (0 TO >OQ 2 (0 m )e 2 ^^- t ))c 3 '»'^ f ' 

" (A 2 -2Al COs(<^ m ) + l) 2 y(A7^Al) ( Z 2+32)l/4(l_| 7m |2p2(0 m) fc )Q2 ((#)m ) e 2^(x,t))3 

(((A 1 +A 2 )cos(0 m )-2)cos(e+(z o ,i) + f) + (Ai-A 2 )sin( ( /. m )sin(e + (z o ,i) + f)) 



.4 S in(0 m )| 7m |P(0 m ,0 fc )Q(0 t „) A / i y(A 1 ) cos(s+) cos(e+(W) + f 



± 



X 



± 8Ai S in 2 (0 m )cos(0 m )| 7m | 3 P 3 (0 m ,0 fc )Q 3 (0 m )^/ 1 ^(A 1 )c 3 '»'"' t ' 

(l-|7™| 2 P 2 (0m,0 fc )Q 2 (0 m )e 2 *<-.*)) 2 (A 2 -2Aicos(0 m ) + l)^/(Ai-A 2 )( Z 2 +32) 1 / 4 

x (2 sin(s+ - (f> m ) cos(e+ (z , t) + f ) - (A x + A 2 ) sin(s+) cos(e+ i) + f ) 
+ (A 1 -A 2 )cos( S +)sin(e+(z o ,i) + f)))+o( F 0^^) . 

Now, taking note of the relation (A )f 1 (A )^ 1 — (1 — ^ nL )(l — =) = —1, one substitutes the above- 
derived formulae for |(A )n| 2 and |(A )i 2 | 2 into |(A )n| 2 — |(A )i 2 | 2 = — 1, and, modulo terms that 
are 0{ ( z2 C +32 °)i/2 § ets exac t cancellation at 0(1) and ©(t -1 / 2 ); thus, one concludes that Re(a 3 ) = 
Im(a 3 ) = 0. Recalling that (A o )" 1 =0, and using the fact that Rc(a 3 ) =Im(a 3 ) = 0, from the expression 
for (Ao)n given above, one obtains, after some straightforward algebra, the expressions for Im(ai— a 2 ) 
and (A )n stated in the Proposition. From Proposition 4.2, and the fact that Re(a 3 ) = Im(a 3 ) = 
Re(ai — a 2 ) =0, one obtains, upon recalling the expression for (A G )i 2 given in Proposition 4.3, the 
formula for (A c )i 2 given in the Proposition. □ 

Lemma 4.4. As t — > +oo and x^> — oo such that z a := x/t< —2 and (x, t) G ~\ m , me {1,2, ... , N}, 
u(x,t), the solution of the Cauchy problem for the DyNLSE, and / ±00 (|u(a;', t)\ 2 — 1) dx' have the 
leading-order asymptotic expansions (for the upper sign) stated in Theorem 2.2.1, Eqs. (7)~(20). 

Proof. The asymptotic expansions for u(x,t) and f± (\u(x', t)\ 2 — 1) dx' follow from Proposi- 
tion 4.2, Proposition 4.4, Eqs. (70)-(72), and Proposition 4.6 after tedious, but otherwise straightfor- 
ward algebraic calculations. □ 
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Appendix A. Asymptotic Analysis as t^—oc 

In this appendix, a silhouette of the asymptotic analysis for u(x,t) and /^(^(a;', t)\ 2 — 1) da;' as 
f — > — oo and a; — > +00 such that z Q := x/t < —2 and (x, t) £ ~| m , m £ {1, 2, . . . , TV}, is presented. Since 
the calculations are analogous to those of Sections 3 and 4, only final results/statements, with in one 
instance a sketch of a proof, are given: one mimics the scheme of the calculation in Sections 3 and 4 
to arrive at the corresponding asymptotic results. 
The analogue of Lemma 3.1 is 

Lemma A.l.l. For r(() e^(K), letm{Q: C\ (a d U a c ) ->M 2 (C) be the solution of the RHP formu- 
lated in Lemma 2.1.2. Set m(Q :=m(()(8(())- a3 , where 6(Q ^exp((/ A2 +/+ o °) ' n(1 ( ~^ )|2) j^) , wii/i 

Ai and A 2 given m Theorem 2.2.1, £a. (10), S(QS(Q = 1, ?(C)?(C _1 ) - <*(0), and ||(?(-)) ±1 |U~(C):= 
sup CeC |(5(C)) ±:L |<oo. Thenm(C): C \ (a d U a c ) -> M 2 (C) sofoes the following KRP: 

(i) fh(Q is piecewise (sectionally) meromorphicW CgC\ct c ; 

fii) m±(C):=lim c '^ c w(£') satisfy the jump condition 

±Im(C')>0 

m + (C)=m-(C)cxp(-ifc(C)(x+2A(C)t)ad( ( 7 3 ))g r (C), CeR, 

w/iere 




(l-rfOrpLjot^K))- 1 -r(C)M0McA . 

kcxmomo)- 1 (<5_(c))-M + (o ; ' 



fiiij m(C) /ias simple poles in o-d = U^ =1 ({<?„} U {<? n }) with 

Res(m(0;O = lim m(C).g„(%„)) _2 cr_, ne{l, 2, . . . , N}, 

Res(m(C);^T) = <7iRes(m(C); ? n ) <ri, n£ {1, 2, . . . , N}, 

where g n is defined in Lemma 3.1, (Hi); 

(iv) det(m(C))lc=±i = 0; 

(v) m(C)= C ^oC- 1 (?(0)) ff3 a 2 +0(l); 

r«;m(o= < r ~ i+^r 1 ); 

<«\(<7 d U<7 C ) 

(vii) m(C) = o-im(C)cri and m(C _1 ) = C™(C)(<S(0)) CT3 cr 2 . 
Let 

«(*,*):=! lim (C(m(C)(?(C)) ff3 -I))i2, (73) 

cec\( CTd u CTc ) 

and 

(| U (x:',i)| 2 -l)da;':=-i lim (C(m(C)(5(C)r -I))n. (74) 

cec\(<T d u<r c ) 

ITien u(x, i) is £/ie solution of the Cauchy problem for the D/NLSE. 

The analogue of Definition 3.1 is 

Definition A.l.l. For m £ {1, 2, . . . , N} and {^ n }n=i C C+ (respectively, {^T}"^ 1 C C_), de/me 
i/ie clockwise (respectively, counter-clockwise) oriented circles 3C n := {£; |£ — <T n | = e^} (respectively, 
&n {C; |C — = £«}); ™^ ^ (respectively, e%) chosen sufficiently small such that 3C n n 3C„/ = 

£„ n £„/ =3C„ n £„ = ^„ n ct c = £„ n cr c = v n^n'e{i, 2, . . . , m-i}. 

The analogue of Lemma 3.2 is 
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Lemma A.1.2. For r(() e <S£(R), let m(Q: C\(a d (J a c ) -> M 2 (C) be the solution of the RHP 
formulated in Lemma A. 1.1. Set 



m b (C):H 



f m(C), CeC \ (a c U (U™"^ U int(DC„) U £„ U int(£„)))), 

"(C)(l- fe Er ^-) , Ceint(3C n ), ne{l,2,...,m-l}, 



m(C)(l+ 3 "[^~V ) ' Ceint(£„), ne{l,2 m-1}. 



T/ien m b (C) : C \ ({a d \ U^ 1 ({<;„} U {^T})) U (ct c U {^^{% n U £„)))) -M 2 (C) sofoes tfce /oHou»n fl 
RHP: 

fij m b (() is piecewise (sectionally) meromorphic V^eC \ (cr c U (U™^ (3C„ U £«))); 
(ii) m±(C):=lim C '^ c m b (£') satisfy the jump condition 

C' £ ± side of ueUfU^'linUtn)) 

m^(C) = m b _(C)^(C), Ce^ c U (U^^ULJ), 

w/iere 

f exp(-|fc(C)(x + 2A(C)t)ad(a 3 ))g r (C), CeM, 
^(0= I +l|Sr (7 -' CeOC„, ne{l,2,...,m-l}, 

[l+ g "g%»~V , Ce£„, »e{l,2,...,m-l}, 

Q(Q given in Lemma A. 1.1, (ii); 
(Hi) m b (() has simple poles in ad \ U™=i({<m} U {^}) with 

Res(m b (C);<;„) = Km m b ' (C,)g n (5^ n )y 2 o-^, nG {m, m+1, . . . , N}, 



Rcs(m b (C);<r„) = o-iRcs(m b (C); ?„) oi, ne{m,m+l, . . .,7V}; 

(iv) det(m b (C))| c=± i=0; 
(v) m b (C)= C -or 1 (?(0)) CT3 a 2 + 0(l); 

asC-oo, CeC\((a d \U™- 1 1 ({^}U{^r}))U( ( r c U(U™- 1 1 (3C„U £„)))), 7^(0 = 1+0(0; 



fm) TO b (C) = aim b (C)cri and ^(C^ 1 ) = Cm b (C)(^(0)) <T3 cr 2 - 

For CGC \ ((a d \ U™"^^} U {?£})) U (a c U (U™"/^ U £„)))), Zei 



ufo t) :=i lim (C(m b (C)(<5(C)) CT3 -I))i2, (75) 



f (Kx',t)| 2 -l)d a; ' : =-i lim(C(m(C)(<5(C)r-I))ii. (76) 

J+oo 

TTien u(x, t) is the solution of the Cauchy problem for the D/NLSE. 

The analogue of Lemma 3.3 is 

Lemma A.1.3^ For me {1, 2, ... , N}, let o% :=a d \ U™"^^} U {oT}), tj£ :=<t c U {U^{X n U £„)), 
where % n and L n are given in Definition A. 1.1, and g'q-o '-=(j" d U er" {a" d n cr" = 0). Set 

f ™ b (C) ^(^(C))- 08 , CeC \ (o£ U (LCT^int^) U int(£„)))), 
m»(0 ~ < ™ b (C)(^„ (C))- 1 nZTi'^CO)- 08 , Ceint(3C n ), ne{l, 2, . . . , m-1}, 
lm b (C)(J £B (C))- 1 nr=i 1 (dfc(0)- ,T8 . Cemt(£ n ), ne{l,2 m-1}, 
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where d^(Q are given in Lemma 3.3, (() (eSL(2,C)) and (() (eSL(2,C)), respectively, are 
holomorphic in U^L~ 1 1 int(IKfc) and U^ 1 int(£;) 7 with 



■*>l(0 = 



i (^(C))" 1 



2 TT™^ 1 4(0 

' (C 4(0 



d fc T-rm-1 (4(C)) 



( -*<*<*»- nE'gg 



4(0 

m-1 (C) 



<y r ^ rr m_i iy 



rrm-1 d fc (O C^a„(^(t„))-2 T-rm-1 d fc (C) 

c£ rr^-i 4(0 fti ^> U jg^g^g 



■ - • s: (4(c))- 1 



(c-— ) 

2iI; m-i^. TO -1 



C* = C£ =-4sin 2 (0„)( ffrl )- 1 (%„)) 2 c £» J] (g| 



it=i 



Then m"(C) : C \ cr^c — >M 2 (C) solves the following (augmented) RHP: 
(%) to"^) is piecewise (sectionally) meromorphic V C<=C\ c"; 
fn) m±(C):=lim c /_ { rr$(C,') satisfy the following jump conditions, 



C' e ± side of ct^^ 



mi(C) = ml(C)cxp(-ifc(C)(x + 2A(C)t)ad(a 3 ))g J (C), <el 



where 



QK0- 



and 



_ , ,J (C)(l+(^<7+), Ce3C„, ne{l,2,...,m-l}, 
"'" " 1_ ^ml(C)(l+(^y<7-), Ce£„, n6{l,2 m-1}; 



(Hi) mfl(Q has simple poles in a n d with 



/ m—l 



Res(m J (C);^) = Urn m»(C)3™(%n))" 2 ^ J[ (d+ (s n ))- 2 J <T-, n& {m, m+1, . . . , N}, 

nG {to, m+1, . . . , N}; 



Res(m tt (C); ?„) = <7iRes(m&(C);<Tn) o-i, 
det(m»(C))| C =±i=0; 

r«; m«(o=^oc- l (?(o)) CT3 (nr=i 1 (4(o)) CT3 )^+o(i); 



(vi) m»(C)= I+O^ 1 ); 



fmj m» (C) = <7i m« (C) <n and m« (C" 1 ) - C™ J (0 (* (0) )" 3 (nL"/ (4 (0) )" 3 ) ^ • 

u(x,t)-.=i lim (c(™ J (0(?(c)r n(4(or-i) ) 



Let 



<€C\a 



0' D 



fc=l 



12 



and 



[ X (\u(x',t)\ 2 -l)dx':=-\ lim fcfm»(C)WC)r 11(4(0)^-1^ 

C6CV» V V fc=l // 11 



(77) 



(78) 



TTien u(x, i) is i/ie solution of the Cauchy problem for the D/NLSE. 
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The analogue of Proposition 3.1 is 

Proposition A.l.l (|§§]). The solution of the RHP for m B (C): C \ v'^ -> M 2 (C) formulated in 
Lemma A.l. 3 /ias £/ie (integral equation) representation 

^(c)=(i+r 1 A»)y»(c)^(c)+ ^gg^ , c€c\o^, 

w/iere 



2^ ^ — k=Si — + (c=^) 

n—m 

■$(■) is a generic notation for the jump matrices o/m"(C) on a" c (Lemma A. 1.3, (H)), and A£ and 
T^C) ore specified below. The solution of the above (integral) equation can be written as the ordered 
factorisation 

m*(C) = (i+C'A^COm^Om^C), CeC \ <7& Dl 



where m d (Q) = crim d (C) o~\ (G SL(2,C)) /ias £/ie representation given above, ^(C) = o p iJ > "(C)°'i * s 
chosen so that A| is idempotent, I + £ _1 A| (gM2(C)) is holomorphic in a punctured neighbourhood 
of the origin, with A| = ctiAo <ti (gGL(2,C)) smc/i i/iai det(I+C _1 A^)|^ = ±i =0, and having the finite, 

order 2, matrix involutive structure AJ, = I _ , -* ~ , , fc G Z, where A' and 

V( i +( A ' , ) 2 ) 1/2c A t, c- i (' t + i / 2 '' r y 

$ are obtained from the relation A* = T»(0)mJ ( (0)m c (0)(J(0))' T3 (rifcLi^fc (°)) CT3 ) cr 2 , fl^-rf satisfying 

tr(A») = ) det(A|) = -l, and A»A| = I, andm c (C): C \ ct£->SL(2,C) soZwes £/ie following RHP: (1) 
m c (C) is piecewise (sectionally) holomorphicW (£C\(/ C '; (2) m±(£):=lim c'^c ^- C (C) satisfy the 

£' e ± side of 

jump condition m c + {() = m c _{()v c {(), CGa^', w/iere w c (C) =exp(-ifc(C)(x+2A(C)t)ad(cr 3 ))^(C), CeK, 
withp s {() given in Lemma A.l. 3, (^, u c (C) = I+C^(C-^„) _1 cr + , Ce3C„, andu c (C) = I+C^(C-^T) _1 cr_, 
C G iL„, n G {1, 2, . . . , m— 1}, wit/i C„ and given in Lemma A.l. 3; (3) m c (£) = c^™ I + 0(£ _1 ); 



and (4) m c (C) =ctito c (C) cti. 

The analogue of Lemma 3.5 is 

Lemma A. 1.4. For m G {1, 2, . . . , N}, set := U^ =m ({?„} U {<«}), and let a c = {(; lm(£) = 0} with 
orientation from — oo to +oo. Let X (£): C \ (o^ U er c )— >M2(C) sofce i/ie following RHP: 

(i) X{Q is piecewise (sectionally) meromorphic V (£C \ o~ c ; 

(zi^ <%±(C) :=hm <'^c ^(C) satisfy the jump condition 

C' e ± side of <T C 

A- + (C) = A-_(C)exp(-ifc(C)(x + 2A(C)t)ad(a3))^(C), (eR; 
(Hi) X (£) /ias simple poles in ad with 

Res(A-(C);c„) = Hm ^(C) 3 „(%„))- 2 ^ || (d+(<;„))- 2 ^ cr_, nG{m, m+1, . . .,N}, 



Res(;f(C);^n) =criRes(A'(C);Cn)o-i, nG{m,m+l, . . . ,iV}; 

H det(Af(C))|c=±i=0; 

(v) A'(C)= < ^or 1 (?(0)) CT3 (nr=i 1 (4(0)) CT3 )^ + 0(l); 



a-(c)= c— i+o(C" 

cec\(i d u<r c ) 



fmij Af(C) = (7^(0(7! a^A-(r 1 ) = CA'(C)(5(0))^(nri 1 (4(0))' T3 )^. 
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Then, as t^—oo and x^>+oo such that z :~x/t<—2 and (x, t) G ~\ m , m^(() : C \ g'^-d — » M2 (C) has 
the following asymptotics: 



m«(C)=(l+0(?(C)exp(-3|i|)))A'(C), 



where D:=4min me {i,2,...,jv} {sin(0„)| cos(<^)„)-cos(0 m )|} (>0), and, /or i, j e {1, 2}, (5"(C))ij =c- 

»E{1,2 m-l( 

OdCr 1 ) and (J(C))y=c^oO(l)- Furthermore, let 



m—1 



u(x,t):=i hm (c(*(C)(W s II (4(C))* 8 "I ] ) +o(exp(-3|t|)) , (79) 

cec\(5 dUCTc ) \ \ fe=i // 12 



f (K,:',t)| 2 -l)d a ;':=-i Hm (c(*(C)(W 8 ft (4(C)r 8 -I ) ) +o(exp(-3|t|)) . 

(80) 

ITien u(ir, t) is the solution of the Cauchy problem for the D/NLSE. 

The analogue of Lemma 4.1 is 

Lemma A. 1.5. The solution of the RHP for X '(£) : C\ (cr^ Uct c )-^M 2 (C) formulated in Lemma A.l .4 
is given t/ie following ordered factorisation, 



X 



(0= (l+C" 1 A o )T(0m d (C)M c (C), CeC \ (2F d U <7 C ), 



where md{Q= aim d{(,) °~i (gSL(2,C)) /ias t/ie (series) representation md (C) = I+Z^= TO ( Res '^ n ) + 



axResWO;^! ^ = CTl :p(£) CTl ls c /iosen fsee Lemma A.l. 7 fceZowj so t/iaf A is idempotent, 1 + 
C _1 A Q is holomorphic in a punctured neighbourhood of the origin, with A Q = o"iA Q o"i (gGL(2,C)) and 
det(I+C _1 A )| c=±1 =0, and determined by A = ?(0)m d (0)M c (0)(5(0)) <T3 (il^^fc ( )) <T3 V 2 > arlrf 



satisfying tr(A Q ) = 0, dct(A ) = — 1, and A A = I, and M c (£) : C \ a c — > SL(2, C) solves the following 
RHP: (1) M C (C) is pzecewise (sectionally) holomorphic VCeC\o- c ; (2) M|(C):=hm M C (C) 

±lm«')>0 

satisfy, for C, € R, i/ie jump condition 

M o (c)=M c fne -i fe (c)(x + 2A(c)t)ad( CT3 )/ (i-(o^-(o/« + (o - ...igo-i n^'tfto)') . 

Infionr/f^iK))- 2 mo/mo j ' 



(3) M C (C)= c-oc ^©(C^ 1 ); and (4) M C (C) = oiM c (C) 01 . 

cec\ir c 

The analogue of Lemma 4.2 is 

Lemma A. 1.6. Let e be an arbitrarily fixed, sufficiently small positive real number, and, for z e 
{Ai,A2}, with Ai and A 2 given in Theorem 2.2.1, Eq. (10), set U(z;e) ■—{(', IC~ Z I < £ }- Then, as 
t^>—oQ and x^+00 such that z a :=x/t < — 2, for £ £ C \ U ze sx l! x 2 }l^(z; e), M c (() has the following 
asymptotics: 

M c n{0 = 1+O (( c5 ( A i)g( A 2, A 3 , A^) | c- s (A 2 )c(A 1 ,A 3 ,Al) A, ln|i| \, 



V /A 2 (z2 + 32)(C-A 1 ) V A i(^o+32)(C-A 2 ); (Ai-A 2 )ty ' 

12(0 ° 2 V xV /|i|(Ai-A 2 )(^+32)V4^ (C-A0 + (C-A 2 ) / 
V J( e' s (A 1 )c(A 2 ,A 3 ,AF) + _ c s (X 2 )c(X u A3, AJ) \, ln|i| ^ 



v/A 2 (^+32) (C-AO ^1(^ + 32) (C-A 2 ) / (Ai-A 2 )t 
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M c 21 (()=c- 



O 



V>/|*|(Ai-A 2 ) (z G 2 + 32)V^ (C-A x ) 
c5 (Ai)c(A 2 , A 3 , A^) , C s (A 2 )c(A 1 ,A 3 ,A 3 ") " 



(C-A2) 



\n\t\ 



V /A 2 (z2 + 32)(C-A 1 ) (C-A 2 ) / (Ai-A 2 )i 



M^ 2 (0 = l + O 



^(AO^^s^a) , c 5 (A 2 )c(Ai, A 3 , A 3 ) 



In |*| 



VA 2 (z2 + 32)(C-A 1 ) VM^!+32) (C-A 2 ) / (Ai-A 2 )t 



where A3, z^(-), 6 {z Dl t), and S (•), respectively, are given in Theorem 2.2.1, i?gs. (10), (11), (17), 
and (19), ||(--A fc )- 1 || £ ^ (CXUze{AiA2}U(z . £)) <oo, fc€{l,2}, M c (C)=a 1 M c (C) cr 1; and (M c (0)a 2 ) 2 =I 
(+0(t-Hn\t\)). 

Sketch of Proof. Proceeding as in the proof of Lemma 6.1 in |38| and particularising it to the case 
of the RHP for M c (£) stated in Lemma A. 1.5, one arrives at 



M^(C) = l+ r(Al)( ^ r £ c 2 ° 4 / (e-^9 z D i „(z) + ie^zD il ,(z))z-e- £ rdz 

2 7 ri(C-A 1 )/3 21 s ° A- B% /|7| Jo 

/•+00 2 

Jo 

r+o° 2 
■ / (e" 7 a.D-i, (z) - ieT z D_i„ (zjjz-^e" t d z 
Jo 

/•+°° 2 
: / (eT9 2 D_i„(z)-ie-T Z D_ i „(z))z- il 'e~Tdz 
Jo 



27ri(C-A 1 )/3 2 E 1 Bu c-T-A , B ^/|t| J 

f + OO 



27ri(C-A 2 )/3 21 A °^y|i| Jo 



+ Qll c s (Ai)e(A2,A 3 ,I7)(^)' 2 , c S (A 2 )c(Ai,A 3 ,A7)(^)- 2 \ In |t| 
(C-Ai)|Ai-A 3 |V(^i->>2) Xb (C-A2)|A 2 -A 3 |V(^i-^2) X a J 4 



12VSy 1 2 7 ri(C-A 1 ) c - — A-b-v/N 27ri(C-Ai)* B Vit| ' ' 







3 7T 1 •jj-jy ITT \ /" [ 

M!MQ^ _ r(A 1 )(^)'.-To-T j /• D;;y(z)z i, e -4 dz 

27Ti(C-A2)cT-(-l)-i-^7|t| 27Ti(C-A 2 )(-l)- i -A' A% /|t| y /7 ' 

+ c S (Ai)c(A 2 ,A 3 Al)(^) 2 c s (A 2 )c(Ai,A 3 Al)(^) 2 \ ln|t| \ 

VV(C-Ai)|Ai-A 3 |V( A l- A 2) -?B (C-A2)|A 2 -A 3 |^/(A 1 -A 2 ) X A J 1 J' 



M| x (c)=- ( ^^(i-i^i)! 2 );;^)^^ - ^)^)-^:^ ) f Di „( z )zV^d z 

1 2 7 ri(C-A 1 )o- — A^s-v/i*! 27ri(C-A 1 )A- B y|7| / _/ Il/ V > 

D^fzjz-'VTdz 



y^xi-RAi)! 2 )- 1 ^)-^-^- ?(a 1 )(s»)- ! c-tct 



27ri(C-A 2 )o— {-iyX A y/\t\ 2Ki((-\ 2 )(-iyX A y/\t\ J J Q 



+ 0[( c S (Ai)c(A 2 ,A 3 ,X 3 )(S° B )- 2 c s (A 2 )c(A!,A 3 A 3 )(^^)- 2 \ ln|t| 

\ V \ V (C-A 1 )|A 1 -A 3 |^/(A 1 -A 2 ) A"b (C-A2)|A 2 -A 3 |^/(A 1 -A 2 ) *a / 4 

— Q 2 3 7rix _3«i /-+0O 2 

^ 2 (C) = l- r(Al)( ' B) c s n 2 ° 1. / (e^^Wie-T.D.^^rVTd. 

2 7 ri(C-A 1 )/3 1 , B °A'B A At| Jo 



27ri(C-A 1 )/3 12 BU A'BVI t l JO 

gM(Mg(MI 2 rHS) 2 g 



27ri(C-A 1 )/3 12 B "e- — ATbVI*I JO 



+ 00 2 

(e^^D^fzJ-ieTzD^^zJJz-'VTdz 

+ 00 



27ri(C-A 2 )/3 12 - 4 °Ar AV /|t| Jo 



l"f°° . 2 

/ (cT^Di^zJ + ic-TzDi^zJJz^e-T dz 
Jo 



+ ^AOd-I^A,)! 2 )- 1 ^) 2 !-!)'^^ / {e -^ d ^ iv{z) + L ^ z ^ iv{z) y Ve -4 dz 

27ri(C-A 2 )/3 12 - 40 o^A' A ^|t| Jo 

+ c s (A 1 )c(A 2 ,A 3 Aj)(S B ) 2 c ' S (A2)c(Ai,A 3 ,A 3 ")(?^) 2 \ ln]t[ \ 

\\(C-Ai)|Ai-A 3 | > /(Ai-A 2 ) *b (C-A 2 )|A2-A 3 | % /(A 1 -A 2 ) * a y * ^ ' 
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where f(C)=r(C)nri 1 (4(0)- 2 (IWHKAi)!), i/^Ai), 



^ = |A 1 -A 3 | i ^(2|i|(A 1 -A 2 ) 3 Ar 3 ) ,2 "e );(Al) exp(-|(A 1 -A 2 )(z + A 1 + A 2 )), 
^ = |A 2 -A 3 r^(2|t|(A 1 -A 2 ) 3 A 2 - 3 )" f e^ A2 )exp(|(A 1 -A 2 )(z + A 1 + A 2 )), 



A 2 



y(Ai) = — / ln| M -A 1 |dln(l-|r( M )| 2 ) + — / In Ai|dln(l- |r(/z)| 2 ), 



2tt 



y(A 2 )=-y(A x )+ 



2tt 



-HOC:- 



2tt 



A, 



ln| M |dln(l-|r( M )| s 



Ai 



2tt 



ln| M |dln(l-|r(//)| 2 ), 



Ai 



V V V V V 2-7T c e 

<*B — 'VB, <*-A—X-A, P12 — P21 — ' 



r(Ai)r(ii/) ' 



Pl2 — P21 — ' 



r(Ai)r(ii/) ' 



T(-) is the gamma function and D*(-) is the parabolic cylinder function [Q. Proceeding, now, 
as at the end of the sketch of the proof of Lemma 4.2, one obtains the result stated in the Lemma. 
Furthermore, one shows that the symmetry reduction M c (£) = eriM c (£)o"i is satisfied, and verifies 
that (M c (0)a 2 ) 2 = I+O(t- 1 ln\t\). ' □ 
The analogue of Proposition 4.1 is 

Proposition A.1.2. For m € {1,2,..., N}, set Res(Af(C);? n ) := (?™a™), n e {m, m + 1, . . . , N}. 

Then b„ = -a„MJ 2 (<; n )/M^ 2 (<;„), D n = -c n M c 12 (^ n )/M^ n ), and {a„, c^}% =m satisfy the following 
(non- singular) system of 2(N — m+1) linear inhomogeneous algebraic equations, 

ffm+l M 12(Wl) 
Sm+l^^+l) 











Om+l 




Oat 




Cm 




Cm+1 









where 



( det (M c ( ft ) ) +g* W(M-j 2 fa ) , M c 22 (q ) ) 

J... J Mfafe) 

71,3 - 1 g?(3Vtf 2 (ft)Mj 2 fa)-M§ 2 ( ft )Mf 2 fa)) 



(ft-^)M| 2 fe) 



5?(Mi 2 ( ft )Mi 2 fe)-Mf 2 (Q)Mf 2 fe)) 



i=je{m,m+l,...,iV}, 
i^je{m,m+l,...,7V} 7 



,je{m,m + l,...,7V}, 



(Q-^)Ml 2 fe) 

m— 1 

g* = \ 9j \e l6 °t exp(2ifcfc-)(x+2Afe)i))(?fe))- 2 J] « fe))~ 2 > je{m,m+l, JV}, 



fc=i 



wii/i \gj\ and 9 gj given in Lemma 3.1, (ni,), and W(M^ 2 (z), M 22 (z)) = 
The analogue of Proposition 4.2 is 



M c 12 (z) M a 22 (z) 
d z M c 12 (z) d z M c 22 (z) 



Proposition A. 1.3. As t — + — 00 and x — > +00 such that z a :— x/t < —2 and (x,t) G ~I m , m € 
{1,2, . . . ,m}, /or ne{m+l,m + 2,. . .,7V}, 



a„=o(e- 3 -!*l), 



c n =0 e 



b„ = o(t- 1 /2( z 2 + 32)- 1 /4 e ^-W), 
n = o(^ 1 / 2 (z o 2 + 32)- 1 /4 e -^l*l) , 
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where! :=4min me {i, 2 j»j {sin(0 n )| cos(0 n ) — cos(0 m )|} (>0), 

ne{m+l,m+2,...,N} 



, 1 1 , n /_cf( ££ )_ln]£|\ 



' (1+9^9^ )" 2 ) ^ (1+9^9^ (w-—)- 2 ) 2 + (1+9^,9^ (w-—)- 2 ) 

i /-of c s (z ) lnjt| \ 
+ ^1,(^+32)1/2 t J , 

" l v^+32) 1 / 2 * ; • ^/jif (i+9^( ?m -^)- 2 ) +Ly V( Z 2 +32)i/ 2 t 

<-m l- m -|- ^yl- m i- ^^(^ +32) 1/2 t y 

= . 9^ | i ^ gmg^"(';m-?^)- 1 M^ 2 ^m)-g^g^3cJvc; 2 (cm) , g^(9^acJvt^ m )+ g ^a c M; 2 (; m )) \ 

■ (l+9^9^(?™-— )- 2 )^y|7|\ v (1+9^9^ (W-—)- 2 ) ^ (1+9^9^ )- 2 ) 2 y 

V0 2 + 32 ) 1/2 * / ' 

m V(*2+32) 1/2 * ) ■ (l+9^9jT(w-^)- 2 ) +Ly V( z2 +32) 1 / 2 * )' 

where 

12lCj v^A^)(^+32)V4 ^ (C _ Al ) + ( C -A 2 ) J" 
wit/i Ai, A2, A3, S _ (-), and 8 _ (z ,i) specified in Lemma A. 1.6, and c 5 (z ) given in Proposi- 



tion 4.2. Furthermore, setting y := 



s 



AT 2 

o<| dc t(y)i 2 <n (i+ gfa3( ^ )i ^(U^?)) )q " 3( ' m) ea ' (3!,t) ) +°teSF^)< ^ 

w/iere cp(x,t), P((f) m ,(j)k), and Q((f> m ) are defined in Eqs. (67), (68), and (69), respectively. 

The analogue of Lemma 4.3 is (see, also, Remark 4.1) 
Lemma A. 1.7. As t^>—oo and such that z :—x/t<—2 and (x,t)e~\ m , me{l,2, . . . ,N}, 



no- 



C+a-2 



, C+<»4 C + °2 



where 



™^aL,(z )(hl\t\) q / -4|i|min m€{1 , 2 N} {sin(0„)|cos(0„)-cos(0 m )|}\ 



p=l <j=0 



00 P _1 ~3 



a 3 = E E m P /2 + ° ( e " e W +1 - + 2,-.,«> 

p=lg=0 1 1 

00 p-1 ~4 ^ AH,, l/l >«, / _4|t|min me{ i, 2 ,...,w} {sin(0„)| cos(0„)-cos(0 ro )|} 



(z )(ln|t|) 9 / -4|t|min mS {i,2,...,JV} {sin(0„)| cos(0„)-cos(0 m )|} 



p=l q=0 1 1 V 



?,( z »)^( z »)- fc€{l,3,4}, and 3>(C) =ai?(C) ^ . 
The analogue of Proposition 4.3 is 
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Proposition A. 1.4. Set a\ (z o )—:ai, a 2 (z o ) =:a 2 , a 3 (z o ) =: a 3 , and af (z o )=:a,4. Then ast^—oo 
and x-^+oo such that z :=x/t<—2 and (x, t) G ~l m , me {1, 2, ... , N}, 

(A ) n = - ^i(5- 1 (0)e 2l ^^i ** + = -(ai-a 2 ) = - -^ + ^ 

*sm \/ \t\ \ \ Wi / 



- , : a° \ 2J(0)VKAQco S (9-(^,t)-f) \ / c ^(z ) l n |t|\ 



(A ) 



21 1 



~ c° m C 2?- 1 (0)7KAQcos(e-(z o ,t)-f ) \ / c -g(z Q ) Injtj 

3 ? ro v /( A l- A 2)(2 2 +32)l/4 J ^(z o 2 + 32)l/2 t 



-C , C 2J(o)v^(aT) c OS (e-(w)-%) \ , p / ^o) In | 



w w v^i-^) (^+32)V4 y V(^+32) 1 /2 t 

,H ^ C.T,n> -2iY— V* ^(0)c- 2i ^ ^ / / b£ 

£ro \J 1 £ 1 \ \ £m J 

_ - A _ <\ 2?- 1 (0)VKAQ co S (e-(z ,t)-^) \ / c^(z 



In |*| 



+32)V2 t 



The analogue of Proposition 4.4 is 



Proposition A. 1.5. Let (f>(x,t), P((f> m7 <f>k), and Q{<p m ) be defined by Eqs. (67), (68), and (69), 
respectively. Then, for # 7m =±7r/2, ast^— oo anda;— >+oo such that z :=x/t<—2 and (x,t)e~\ m , 
me {1,2,..., AT}, 



o _ 2isin(0 m )| 7m | 2 p- 2 (0 m ,^)Q- 2 (^ m )e 2 ^' t ) 
am (l-|7 m | 2 ^ 2 (^m,0fc)Q- 2 (^)e 2 ^' t )) ' 

_ 2sin(0 m )| 7m |?- 1 (O)e i <^ +s ') + ^ 3: ' t )p- 1 (0m,0fc)Q' 1 (^ m ) 



(l-|7m| 2 ^- 2 (0 m ,^)Q- 2 (0 m )e 2 ^'*)) 

16iA 2 sin 2 (0 m )| 7m | 3 ^(AO P~ 3 (0 m , MQ- 3 (^ m ) cos( S -)e 3 ^ x ^ 

(l-|7 m | 2 ^ 2 (0m>fc)O~ 2 (0 m )e 2 ^'* ) ) 2 (A 2 -2Aicos(0 m ) + l) 2 v /(A 1 -A 2 )(^ 2 + 32) 1 /4 

x (((Ai + A 2 ) cos(^ m ) - 2) cos(9- (z ,t)-%)- (X 1 - A 2 ) sin(0 m ) sin(0- (z a , t)- ^)) 

, 2Ai sin(0 m )| 7m | VKAO P-H^m, foJQ -1 ^*)^*' 



(l-|7 m | 2 ^ 2 (0m,0fc)Q- 2 (0 n Oe 2 ^ t) )(A 2 -2A 1 cos(0 m ) + l)V(Ai-A 2 )(z 2 + 32) 1 /4 
x (2 cos(s _ ) cos(e~ (z , i) - ^f) - (Ai + A 2 ) cos(^ m + s") cos(0~ (z D , t)-^-) 
+ (Ai-A 2 )sin(0 m + s-)sin(e"(z o ,t)-^) + 2isin(s-)cos(e-(z o ,t)-^f) 

- i(Ai +A 2 ) sin(0 m +s-) cos(9- (z , t) - ^f) -i(A x - A 2 ) cos(0 m +s") sin(0- (z , t) - , 
&1 2iAi sin(0 m )| 7m | 2 VKAiT?(0)e- i (^+^)+ 2 ^^p- 2 (^ m , fc )g- 2 (0 m ) 

m (l-| 7m | 2 P- 2 (0 m ,<«Q- 2 (<Me 2 ^ 
x (2 cos(s-) cos(9- (z , t) - - (Ai + A 2 ) cos^ + s") cos(6- (z D , t)- ^) 
+ (A 1 -A 2 )sin(0 m + s-)sin(e-(z o ,<)-^) + 2isin(s-)cos(e-(z o ,t)-^) 

- i(Ai+A 2 )sin(0 m +s-)cos(e-(2 o ,t)-^)-i(Ai-A2)cos(^ m +s _ )sin(0-(2 o ,t)-^)) , 

i = _^6Af^in 2 j^b™^ 

(l-|7 m | 2 ^- 2 (^>fc)Q- 2 (0 m )e 2 ^^)) 2 (A 2 -2A 1 cos(0 m ) + l) 2 v /(Ai-A 2 )(z o 2 + 32)i/4 

x (((A 1 +A 2 )cos(0 m )-2)cos(0-(z o ,i)-f )-(A 1 -A 2 )sin(0 m )sin(0-(z o ,i)-f )) 
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2iAi sin(0 m )| 7m | 2 ^^)~8-\Q) C ^+ s -^ x ^P-\4> m , MQ~ 2 ^ m ) 
(l-|7 m | 2 J P- 2 (^,0fc)Q" 2 (0r n )e 2 ^ t ))(A2-2A 1 co S (0 m ) + l) N /(A 1 -A 2 ) (* 2 + 32)i/4 
x (2 cos(s- ) cos(6- (z , f ) - 2f ) - (Ai + A 2 ) cos(0 m + s" ) cos(9- {z ,t)-^f) 
+ (Ai -A 2 ) sin(^„ + s + ) sin(6-(z , i)- 2f ) -2i sin(0 cos(9- {z , t)-^f) 
+ i(Xi + X 2 )sm((f )m + s~)cos(e'(z ,t)-^) + i(X 1 -X 2 )cos((l) m + s~)sm(e-(z ,t)~^-)) 

8A 2 sin 2 ( ( /) m )| 7m | 2 v / ^^HO)e i( ^ +s ' )+20( ^ t) ^ 2 (0 m ,^)Q' 2 (0 m ) 
(l-|7 m | 2 ^ 2 (^,0 fc )Q- 2 (0 m )e 2 ^ t ))(A 2 -2A 1 cos(0 m ) + l)V(Ai-A 2 )(^ + 32)i/4 

x ((((Ai + A2)cos(0 m )-2)cos(e-(«„,t)-^)-(Ai-A 2 )sin(^ m )siii(e-(« o ,t)-^)) cos(0 

- i(((A 1 + A 2 )cos(0 m )-2)cos(e-(z o ,f)-^)-(A 1 -A 2 )sin(0 m )sin(e-(z o ,f)-^))sin( S -)), 

i =± 2A 1 sin(0 m )| 7m | v / KAT)p- 1 (0 m , ( /. fc )Q- 1 (0 m )e^ t ) 

(l-|7m| 2 ^ 2 (0m,0fc)g- 2 (0 m )e 2 ^ t ))(A 2 -2A 1 cos(0„O + l)V(Ai-A 2 )(^ 2 + 32)V4 

x (2 cos(s- ) cos(9- (z , t) - 2f ) - (Ai + A 2 ) cos(0 m + s" ) cos(9- t) - 2f) 

+ (Ai-A 2 )sin(^+a-)sin(e-(« ,t)-^)+2isiii(s-)cos(e-(z ,t)-^) 

- i(Ai + A 2 )sin(0 m + s")cos(e"(z o ,i)-^)-i(A 1 -A 2 )cos(^ m + s-)sin(e"(z o ,t)-^)) , 

where s~ is given in Theorem 2.2.1, Eq. (11). 

The analogue of Proposition 4.5 is 

Proposition A. 1.6. j4s f — > — oo and x — > +oo smc/i i/iai z Q := x/t < —2 and (x,t) G ~I m , m G 
{1,2,..., AT}, 

+ 0(^7,^), (82) 

„ x I ^ m-l 

I (Kx',t)| 2 -l)dx' = -i (A )n+aJ~-a 2 +a m +5^+2i ^ sin(^) 

" / +°° V fc=i 

i(/ A ^£^Ml-KM)| 2 )#)+0( I ^^^), (83) 



+ i 



{\u{x',t)\ 2 -l)dx' = I (Kx',i)| 2 -l)dx'-2^sin(0„)- / ln(l 

CO •/ +OG 71=1 J — OO 



N ,4-oo 

r(p)\ 2 )^. (84) 



The analogue of Proposition 4.6 is 

Proposition A. 1.7. As t — > — oo and a; — » +oo smc/i that z a := x/t < —2 and (x, t) G ~I TO , m G 
{l,2,...,JV},/brfl 7m =±7r/2, 

, 4sin(0 m )| 7m | 2 p- 2 (0 m ,0 fc )Q- 2 (0 m )sin( S --0 t „)cos(e-( Zo ,t)-^)e 2 ^ 3: ' t ) 

X COS(S J+ ( 1 „| 7m |2p-2(0 m fc )Q-2(0 m ) c 2«(x,t)) 

, 8A 2 sin 2 (0 m )| 7m | 2 p- 2 (0 m ,0 fc )Q- 2 (0 m )(l + | 7m | 2 p- 2 (0 m ,0 t )Q- 2 (0 m )e 2 ^ 3: - t ))cos( S -)e 2 -»' 3: - t ) 
i (l-|7™| 2 P- 2 (0 m ,0 fc )Q- 2 (0™)c 2 *<--") 2 (A 2 -2A 1 co S (0 m ) + l) 2 

x (((Ai+A 2 )cos(0 rn )-2)cos(e-(« o ,t)-^)-(Ai-A 2 )siii(^ m )sin(e-(z o ,t)-^)) 

4A lS in(0 m )co S (0 m )| 7m | 2 p- 2 (0 m ,0 fc )Q- 2 (0 m )c 2 '»'^ t ' r?pn^ft-ry ^ - ^ZH sin f - rA ^ 
+ (l-|7™| 2 P- 2 (0 m >fc)Q- 2 (0 m )o 2 * (x ' t, )(A 2 -2A 1 cos(0 m ) + l) l Z COb ^ 4 J blll^A q) m ) 

- (A 1 + A 2 )sin(s-)cos(e-(z ,t)-^)-(A 1 -A 2 )cos( S -)sin(e-(z ,t)-^)))) 

, ro /_cf( £2 ) lnjt|\ 
V(^+ 32 ) 1/2 * / ' 
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(A v _ [p -i( fl -(i) + .-) i 2sm(0 m )| 7m | 2 p- 2 (^ m ^ fc )Q- 2 (0 m )e- i ( fl '( 1 )+^+ s ')+ 2 ^^ t ) 
1 ° Jl2 " ' (l-|7 m | 2 ^- 2 (0m,^)O- 2 (^)e 2 ^' t )) 

_J_ / 2iIm(S 1 -S 2 ) S m(0„O|7 m | 2 P' 2 (0 m ,^)g- 2 (0 m )e- i (^(i)+^+^)+ 2 ^^) 



(l-|7 m | 2 P- 2 (0m,0fc)g- 2 (0 m )e 2 ^*)) 

± 



(l-|7m| 2 P- 2 (0 m ,0fc)Q- 2 (0 m )e 2 ^ t ))V(Ai-A 2 )(z o 2 + 32)i/4 
16iA 2 S in 2 (0 m )| 7m | 3 p- 3 (0 m , fe )O- 3 (0 m )yKAO e - i (0-(i)+--)+3*(x,t) cos(s -) 



(l-|7 m | 2 P- 2 (0 m ,^)Q- 2 (0 m )e 2 ^^)) 2 (A 2 -2A 1 cos(0 m ) + l) 2 v /(Ai-A 2 )(z 2 + 32)i/4 
x (((Ai +A 2 ) cos(0 m ) - 2) sin(0 m ) cos(9- t)- ^ ) - (Ai - A 2 ) sm 2 (0 m ) sin(0- {z , t)-^f) 
+ i(((Ai + A 2 ) cos(<^ m )- 2) cos(0 m ) cos(6~ (z D , t) - ^) - (Ai - A 2 ) sin(^ m ) cos(0 m ) 
x sin(6- (z , i) - ^)) + Im(ai -S^c^ «+ s ~ ) 

4A 1 sin( ( /. m )|7 m |p-H^^fc)Q'H^m)v / ^^e^-(i)+^)+^) 

~ (l-|7 m | 2 P- 2 (0 m ,^)Q- 2 (^ m )e 2 ^.*))(A 2 -2A 1 cos(0 m ) + l) N /(A 1 -A 2 )(0 2 + 32)i/4 
x (t2 sin(s- - 4> m ) cos(6- (z , t) - 3f ) ± (A x + A 2 ) sin( S - ) cos(9- (z Q , t) - 2f ) 
± (Ai - A 2 ) cos( S - ) S in(6- (z , t) - f )) ) +0 ( (z ^ 32 )U Js j M ) - 

j / — — * l v ^^sin( S -)cos(e-(z ,i)-f )(l-|7 m | 2 P- 2 (^ m ,0 fc )g- 2 (0 m )e 2 ^ t )) 

Imloi — a 2 ) = ± , ■ - — 

V(A 1 -A 2 )(z 2 + 32)i/4 sin (0 m )| 7m |p-i(0 m ^ fe )Q-i(0 m ) e ^ t ) 

± 4A 2 7^AT) S m(0 m )| 7m |p- 1 (0 m ,0 fc )g' 1 (0 m )sin( S -)c^) 
(A 2 -2A 1 cos(0 m ) + l) 2 v /(A 1 -A 2 )(z 2 + 32)V4 

x (((Ai + A 2 ) cos(0 m ) - 2) cos(9- (z , t)-^-)-(X 1 -X 2 ) sin(0 m ) sin(0- (z„, t) - 3f )) 
^ 2A 1 V^cos(0 m )| 7m |P- 1 (0 m > fc )g- 1 (^)e^ t) ^_, _ , Wft _, ,v 3>n 

± i ■ (ZCOSlS — m )COS(fc) \Z .t) — ^r) 

(A 2 -2A lC os(0 m ) + l)V(Ai-A 2 )(z 2 + 32)i/4 ^ V 1 V ; ^ 

- (A 1 + A 2 )cos( S -)cos(e-(z o ,i)-x) + ( A i- A 2) sin ( s_ ) sin ( 0_ (^^)-x)) 
i 2V^^|7 m |p- 1 (0 m ,^)g-H0 m )cos(^-0 m )c OS (e~(z o ^)-f)e^) 

V(A 1 -A 2 )(z 2 + 32)V4 

, n (_£izo) injt|\ 

Re(ai — a 2 ) = Re(a3) =1111(03) = 0, 
w/iere 0~(-) is groen in Theorem 2.2.1, Eq. (9). 

The analogue of Lemma 4.4 is 



Lemma A. 1.8. As t— >— 00 and x -^+00 suc/i that z :=x/t<—2 and (x, t) e ~I m , me {1, 2, ... , TV}, 
u(x,t), the solution of the Cauchy problem for the D/NLSE, and J^^d^x' , t)\ 2 — 1) dx' have the 
leading-order asymptotic expansions (for the lower sign) stated in Theorem 2.2.1, Eqs. (7)-(20). 
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Appendix B 

In order to obtain the results of Theorems 2.2.3 and 2.2.4, the following Lemma, which is the analogue 
of Lemmae 4.2 and A. 1.6, is requisite. 

Lemma B.l.l. Let e be an arbitrarily fixed, sufficiently small positive real number, and, for Ae3:= 
{(s 1 ) ±1 ,(s 2 ) ±1 }, where 

51 = _i( ai _i( 4 _ a 2)i/2 ) = e i^ y 1 :=arctaa( (4 " | g 1/3 )g(0,f), oi<0, M<2, 

52 = -\{a 2 -^-al) 1/2 )^\ y 2 :^-arctan( (4 ~°' 2 } 1/2 )e(f,7r), a 2 >0, |a 2 |<2, 

with a\ and a 2 given in Theorem 2.2.1, Eq. (10), set U(A;e) := {z; \z — A| < e}. Then, for r(si) = 
exp(-iei7r/2)|r(si)|, e x e {±1}, r(st) = exp(ie 2 7r/2)|r(s^)| ) e 2 e {±1}, < r(s 2 )r{si) < 1, and ( e 
C \ U A £ g U(A; e), as i — > +oo awd x — > — oo such that z D := x/t G (—2, 0), m c (£) has the following 
asymptotics, 

c{z ) , c(z D ) \e" 4ar 



771^(0 = 1 + 



mi 2 (C) = — 



£2e_ 



(c-*i) (c-w # 



Q-cos ln(l-|r( M )|^) 
oo cos j_ ) 2 +sin 2 ip^ ^ 



2(|r( Sl )|)-Hfoo0 1/2 (C-^r) 



2(|r(^)|)-i(l-r( S2 )r(^))(6 i) 1 / 2 (C- S2 ) 



|C) ||jW + c(z„) \c- 4 



m c M = — 



(c-3T) (c-*2); # 

2(|r( Sl )l)- 1 (M) 1 / 2 (C- S i) 



£ 2 e 



m^ 2 (0 = l+O 



2(|r(^)|)-i(l-r( S2 )r(^))(6 i) 1 / 2 (C-^) 
c(z ) c(* ) \c- 4ats 



(C"*l) (C-32)/ # 

c(* ) c(z ) \e- 4ai 



(c-3T) (c-*2); /3* 



where 



ao = |(^o-«i)(4-a 2 ) 1/2 (>0), a - -I(z -a 2 )(4-a 2 ) 1 /2 (> ), 

bo4(z„ 2 + 32) 1 / 2 (4- a ?) 1 / 2 (>0), 6 = i(z 2 + 32) 1 /2(4- a 2)V2 (> ), 

a:=min{a ,a }, /3:=min{6 , & }, 



and, /or r(si)=exp(i£i7r/2)|r(si)|, £ie{±l}, r(s 2 )=exp(-k 2 7r/2)|r(s 2 )|, e 2 e{±l}, 0<r(si)r(si) < 
1, and C*= C \ U A e ^ U(A; e), as t— > — oo and x^ +oo suc/i i/iai z G (—2, 0), 



m^(C) = l + 



m i2 (C) = - — 



c(z„) , c(z ) \e- 4a l ( l 



(c-5T) (c-*2)y # 



e 2 e 



2(|r(sT)|)-i(l-r(s 1 )r(sr))(6 |t|) 1 / 2 (C- S i) 



2(|r(s 2 )|)-i(6 |t|)V2( C -^) 
c(z ) , c(z„) Ae" 4 "!*!' 



(c-«i) (c-32)y # 
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«&«;)=-— 



2 a . |*|-sin(55 1 ) r+°° '"'^''g 1 ^ ^ -if yi-f n +0 ° <A '" C ° 3 '^ 1 - )1 ?I1" I 1 M - >I ' 4^ 

11 " (m — cos !p 1 )^+sm-^ t J V (m — cos )' ! +sin' ! t 



2(|r(sr)|)-i(l-r( Sl )r(sT))(6o|t|) 1 /2(C-sT) 

-(aaoU-MKft) J + ~ ( „_^ffi , 3 ^) '(W~ ^C^r ^) 



2(|r( S2 )|)-i(6 |i|) 1 / 2 (C- S2 ) 



+ 0|( jW + c(^ ) V" 4a|t| 



(C-5T) (C-*2)y # 
m 22 (C) = l+C? y- - + 



.(c-*i) (c-32)y # 

w/iere sup CeCXu ,u(A;e) I (C ~ ±:L ) _1 1 <oo, and m c (C) = <tito c (C) ctl 
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Appendix C. Matrix Riemann-Hilbert Theory in the L 2 Sobolev 
Space 

In this Appendix, the theoretical foundation for this paper is presented. Beginning from the Lax- 
pair isospectral deformation formulation for a completely integrable NLEE, in the sense of the ISM, 
a succinct review of several basic and key facts from the 2x2 matrix RH factorisation theory on 
unbounded self- intersecting contours is presented: for complete details and proofs, see E3, [45|, [46|, 
|47| , EkJ. For simplicity, one begins with the solitonless sector, cr<j = 0, leading to the so-called "regular" 
RHP: inclusion of the (non-empty and finitely denumerable) discrete spectrum, ad, is known as the 
"singular" RHP, and is discussed below Theorem C.1.4. 

For a completely integrable system of NLEEs, in the sense of the ISM, write the spatial part of the 
associated Lax pair (see, for example, Proposition 2.1.1) as d x ^(x, t; A) = ( J(X) + R(x, t; Xj)^>(x, t; A), 
where (x,t) £ M. x [—T,T], A £ C, J(A) := dmg(z 1 (X) , z 2 (X)) is rational with distinct entries, and 
R(x,t;X) is off-diagonal. The orders of the poles of J(A) and R(x,t;X) must satisfy the following 
requirements (denote by Pj the set of poles of J(A), and let fc(A') denote the order of the pole of 
A'ePj): (1) every pole of R(x,t;X) is a pole of J(A); (2) if oo is a pole of J (A) of order fc(oo), then 
it is a pole of R(x, t;X) of order not greater than fc(oo) — 1; and (3) if A' is a finite pole of J(A) of 
order fc(A'), then it is a pole of R(x, t; X) of order not greater than fc(A'). Hence, one has the following 
representations for J(A) and R(x,t;X): (1) 

fc(A') fe(oo) 

J ( A )= E E J ^( A - A 0~ i+ E^ A '> 

A'GPj\{oo}i=l 1=0 

where Jyj and Joo,z are M2 (C)-valued, diagonal matrices with distinct elements; and (2) 

fc(A') fc(oo)-l 

R(x,t;X)= Y r y.j( x : t )( x - X ''r ] + E r °°,i(M)A'. 

A'ePj\{oo}i=i 1=0 

Remark C.l.l. Hereafter, for economy of notation, all explicit x,t dependencies are suppressed. 

Denote by A the closure of {A £ C; Re(zi(A) — 22(A)) = 0}. Decompose A into a finite union of 
piecewise smooth, simple, closed curves, A:=U; 6 i,A; (card(L) <oo). Denote by w the set of all self- 
intersections of A, vj :— {A; A; n A TO ^ 0, I ^ m € {1, 2, . . . , card(L)}} (it is assumed throughout that 
card(tn) < 00). Divide the complement of A into two disjoint open subsets of C, fl + and each 
of which have finitely many components, fl ± :=U;± 6 £±^i± (card(i ± ) <oo), such that A admits an 
orientation so that it can be viewed either as a positively (counter-clockwise) oriented boundary, A + , 
for or as a negatively (clockwise) oriented boundary, A", for £1 ; moreover, for each component 
fl^- , dfl^ ± has no self-intersections. 

Definition C.l.l. For an Ma(C) -valued function, /(A), say, denote by f±(X), respectively, the non- 
tangential limits, if they exist, of /(A) taken from fi* . For /(A): A— >M 2 (C), define f^°\X):—f(X), 
and, for fceZ^, f U) (X) :=d{f{X), j e{l, 2, . . . , k). For the piecewise smooth simple closed curve A = 
UigLVVf, and fceZ^i, define the /^/^(A) Sobolev space H k (A, M 2 (C)) as the set of all M 2 (C) -valued 
functions on A satisfying: (1) for I 6 {1, 2, . . . , card(L)}, f^' \^ , j € {0, 1, . . . , k— 1}, exist pointwise 
and £ C^^^Ai); and (2) for I G {1, 2, card(£)}, f^ k is locally absolutely continuous and 

/ W rA, e£ M 2 (C)(^)- Fork = 0, denote H°(A, M 2 (C)) by C 2 Ma(C) (A). Define ff fc (A±, M 2 (C)^:={/: /U 
M 2 (C); f\ 9n ±eH k (dilf ± ,M 2 (C)), l ± e{l,2,...,caxd(L ± )},keZ > i} : the norm on H k (A ± ,M 2 (C)), 
feGZ^, is defined as ||/(-)II^ ( a,m 2 (C)) : = ll/Olk* := (EleiE *U U^^A,/'* ' WUh Ms 
norm, ff fc (A±,M 2 (Q) is a Hilbert space: for k = 0, ||/(-)lko = (E; ei \\f(-)\\% " n 

The Cauchy integral operators on £^ / C \(A) are defined as (C±/)(A) := lim A /^ A Jxrjzry) 
note that C+ — C_ =id, where id is the identity operator on yC 2 ^ , C >(A). Since A = U; £ lA;, where A;, 
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I & {1,2, ... , card(L)}, are piecewise smooth and simple, the Cauchy integral operators are bounded 
from , C ,(A) into £5^ , C ,(A); moreover, the aforementioned orientation for A, that is, A , provides 

the Cauchy integral operators on X^ , C n(A) with the crucial property that ±C± are complemen- 
tary projections, that is, C\ — C+, C 2 . = — C-, C+C- = C-C+ — 0, where is the null opera- 
tor on £^, l2 ^(A). Even though C± are not bounded in operator norm on H k (A, M 2 (C)), C± are 
bounded on (S ae {±}H k (A a , M 2 (C)); moreover, injectively, C±: H k (A ± , M 2 (C)) -» H k {A ± , M 2 (C)), 
and C*±: ff fe (A=F, M 2 (C)) -» # fc (A, M 2 (C)) := n ae{±}j ff fe (A a , M 2 (C)). Since, in the ISM, A is (usu- 
ally) unbounded, the function / |^ ± = I £ Jf fe (A ± ,M 2 (C)), fc G Z^ ; hence, for L> G {A, A*}, embed 
iJ fe (L>,M 2 (C)), fceZ^o, into a larger Hilbert space H k (D, M 2 (C)) consisting of M 2 (C)-valucd func- 
tions /(A) oiiAU(U ae{±) n a ) with the limit /(oo) at oo such that f(X)-f(oo)eH k (D,M 2 (C)), with 
the norm defined by ||/(-)l|jf*(£»,M 2 (C)) := ll/( - )l|j",2,fe:=(|/(oo)| 2 +||/(-)-/(oo)l| 2 ,fe) 1/2 - H$(D,M 2 (C)), 
fceZ^o, is isomorphic to the Hilbert space direct sum of M 2 (C) and H k (D, M 2 (C)) (#£(£>, M 2 (C))w 
M 2 (C)eF fe (AM 2 (C))). 

Define: (1) GH k (A±, M 2 (C)) := {/(A) e ^(A*, M 2 (C)); det(/(A))^0}; and (2) SHf(A ± , M 2 (C)) 
:= {/(A) e ff / fe (A ± ,Al 2 (C)); det(/(A)) - 1}. If X c ± (A) - xl (oo) G ranC± (c tf fc (A±, M 2 (C))), where 
X±(oo) := lim a^=« x c (A), denote by x c (A) the sectionally holomorphic function on i) a e{±}^ a with 

boundary values X ±(A). Define: jl) H k (C\ A, M 2 (C)) := {x c (A); X±(A)-X± (oo) G ran C±}; (2) GH k (C\ 
A,M 2 (Q) := {x c (A) G H k (C \ A,M 2 (C)); det(x c (A)) ^ 0}; and (3) 5H fc (C \ A,M 2 (C)) := { X C (A) G 
W fe (C\A,M 2 (C)); det(x c (A)) = l}. 

Theorem C. 1.1. Every v(X) G GH k (A~, M 2 (C)) *GH k (A+, M 2 (C)) (A*B:={zy; a:ei, i/gB}), Ag 
A, admits an RH factorisation, v(X) = (x c -(X))- 1 +(X)x+(\), w/iere 4(A) :=diag(( ^ ± ) fcl , ( j^) k ' 2 ) , 

A± G r2 ± 7 and X C (A) G £W fc (C \ A,M 2 (C)) (k t , i G {1,2}, are called the partial indices (uniquely 
determined by v(-) up to a permutation) ofv(X)); moreover, if det(v(X)) = l, X C (A) can be chosen to be 
in SH k {C\A, M 2 (C)), and Y^ =1 kj=0. The matrix X c (A)g^'(A, M 2 (C)), for some j G {0, 1, . . . , k}, 
fcGZ^i, is said to be a solution of the RH factorisation problem of v(X) i/x±(A) — X±(oo)Gran(7-|- C 
H k (A ± , M 2 (C)). When u(oo)=I and 4(A) =1, X±(A) can be uniquely determined by letting x±(oo)=I 
(canonical normalisation), in which case, x±(A), or x c (A) ( X c (oo) = I), is called the fundamental 
solution of the RHP of v(X). For the ISM, v(oo) = I. Conversely, if v(X) admits a factorisation 
U (A)-(x c _(A))- 1 4(A)x^(A), then v{X)<-GH k {A- ,M 2 (C)) * GH k (t+ ,M 2 (C)). 

Proposition C.l.l. tr(R(X)) = 0^dct(x c (A)) = const.. 

Definition C.1.2. A linear operator XL on H k (D, M 2 (C)) is Fredholm if: (1) i/ie complement o/ranXL 
is open in H k (D; M 2 (C)); and (2) dimker(XL) and dimcokcr(XL) are finite. For XL linear and Fredholm, 
i(XL) :=dimker(XL) — dimcoker(XL) is called the (Fredholm) index of XL. 

Theorem C.1.2. Let fcgZ^i. Ifv(X) in Theorem C.l.l can oe represented as the following (algebraic) 
block triangular factorisation, v(X) := (l-w~ (A)) -1 (I+tu + (A)), AgA, where (A) G H k (A ± , M 2 (C)), 
I±w ± (A) G G-ffj (A 1 * 1 , M 2 (C)) ; and w ± (A) are nilpotent, with degree of nilpotency 2, and if, as a 
linear operator on H k {A,M 2 {C)) := n ae{±} H k (A a , M 2 (C)), : £^(A,M 2 (C)) -> #^(A,M 2 (C)) is 
defined as (f G ffj (A, M 2 (C))) / C + (fw~) + C-(fw + ), then id—C w , where id is i/ie identity 
operator on H k (A, M 2 (C)), is Fredholm, that is, i(id— C„,) = dimker(id— C w )— dimcoker(id— C^,) = 0, 
dimker(id— C„,) = 2^ fc >0 fcj, and dim coker( id— (?„,) = — 2^ fc <0 kj, wherek iy iG{l,2} ; are the partial 

indices ofv(X); moreover, i(id — C w ) = 2 inddet(n(A)) = i J^d(argdet(n(-))) = 0, where inddet(n(A)) ; 
the index of det(v(X)), equals X) 2 =i%- Define Xo(A) := ((id — C„,) _1 I)(A): i/ien f/ie boundary values 

X|(A):= X ^A)(I± W ± (A))G(I+ranC±)nGi/KA ± ,Al 2 (C))c(I+^ fe (A ± ,Al 2 (C)))nGi/KA^ 
gitje i/ie fundamental solution of the RH factorisation problem for v(X). 

Theorem C.1.3. If all the partial indices of v(X) are zero (fcj = 0, i € {1,2}), i/ien f/ie Fredholm 
operator id— C w is invertible on H k (A, M 2 (C)), namely, ker(id— C^,) = (dimker(id— C u ,) = 0). 

Lemma C.l.l. TTie RHP o/n(A) := (I-«r (A))" 1 (I+iu + (A)) = (x_ (A))- X X +(A), AgA, w/ierew ± (A)G 
H k (A ± , M 2 (C)), ftas a fundamental solution (x c (oo)=I, X C (A)^0) onh/ i/ 27J^°X ar gdet(?;(-))) = 0. 
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Conversely, if x c (A) G ff^(A, M 2 (C)), k G Z^i, x c (oo) = I is a solution of the RHP of v(X) on A, 
and j-J^<i(argdet(w(-))) = 0, t/ien x c (A) « s a fundamental solution; furthermore, det(v(A)) = 1 => 
det( X c7 (A)) = l. 

Proposition C.1.2. If the RHP of v(X) := (I-u>~(A))~ 1 (I+u; + (A)) = (xf_(A)) _1 x+(A), AgA, where 
w ± (A)Gi? fc (A ± ,M 2 (C)) 7 admits a fundamental solution x c (A) G Hj (A, M 2 (C)) /or some j then 
it is unique in C] (A, M 2 (C)) :=iT?(A, M 2 (C)). 

Proposition C.1.3. J/tfteRHP o/ u(A) := (I-w-(A))- 1 (I+u;+(A)) = (x^(A))- 1 x+(A), AgA, where 
w ± (A)Gi? fc (A ± ,M 2 (C)) 7 admits a fundamental solution x c (A) G -ffj (A, M 2 (C)) /or some jeZ^ , then 
id C w is invertible on h{ (A, M 2 (C)) V / G {0, 1, . . . , fc}, fceZ^i. 

Proposition C.1.4. Suppose that w ± (A) G if fe (A ± , M 2 (C)). //id-C™ is invertible on Hf(A, M 2 (C)) 
/or any j^k, fcGZ^i, f/ierc if is invertible Vj^fc. 

Denote the Schwarz reflection of an M 2 (C)-valued function by f s (X) := (/(A))^, where t denotes 
Hermitian conjugation, and, for a subset of C, as the reflection about R. 

Theorem C.1.4. If A is a Schwarz reflection invariant contour about R, u(A) G SH k (A - , M 2 (C)) * 
S'fl'f ; (A + ,M 2 (C)) ) u(oo)=I, v(-) is positive definite onR, Rc(v(X))\ R > 0, andv(X)\j VXR =<T- 1 v s (A)^> R 
■<r, where a is a constant, invertible, finite-order matrix involution which changes the sign(s) of some 
(or all) of the elements of the matrix on which it (and its inverse) is multiplied, then all the partial 
indices ofv(X) are zero, fcj = 0, iG{l,2}. In this case, the RHP for v(X) is solvable. 

The singular RHP, that is, the RH factorisation problem with isolated singularities (in this work, 
first-order poles), is now introduced. Let (eC. For the remainder of this Appendix, the same symbol 
is used to denote an M 2 (C)-valued function analytic in a punctured neighbourhood of £ and the germ 
(the set of equivalence classes of analytic continuations) at £ it represents, with the algebra of all 
such germs denoted by A^, and SA^ := {^(A) e A^; det(ip£ (A)) = 1}. Let CD C C, with card(CD) < 
oo. Set CD± := CD n fJ T . Define H k (A ± U CD,M 2 (Q) := ff fe (A±, M 2 (C)) (©ceD^c)- An clement in 
®ae{±}H k (A a U CD, M 2 (C)) is represented either as <p(\) := (<p c (X), </?^(A))^ £ d, or 



ipc(X), AgA, 
<p c (\), A«C, CeD, 



where </5 c (A) G ® a e{±}H k (A a , M 2 (C)), and (A) GA^ (in the above, the subscript c is used to con- 
note "continuous", while the subscript ( (for ( G CD) is used to connote "discrete"). The Cauchy 
integral operators, C±, are defined on (B a e{±}H k (A a U CD,M 2 (C)) in the following sense: construct 
the augmented contour A aug := A U (U^dA^), where A^ are sufficiently small, mutually disjoint, 
and disjoint with respect to A, disks oriented counter-clockwise (respectively, clockwise) V £ G CD + 
(respectively, V C G CD - ). Since, with the above-given conditions on A^, £ G CD, and, for each <^>(A) G 
® ae{±] H k (A a U CD,M 2 (Q), ip(X) t Ae x aug 3 > it: represents an element in Qe{±} ff fc (A^ ug , M 2 (C)); 
hence, (C±<p)(X) are defined, and (C±<p)(X) G H k (A± ug , M 2 (C)). Hereafter, (C±ip)(X) are to be un- 
derstood as elements in ff fe (A ± U CD,M 2 (C)). For C G CD+, (C+ip)(\) extends analytically into the 
disk bounded by A^, and (C-ip)(X):—(C+(p)(X) — ip(X) extends analytically into the punctured disk; 
therefore, they represent germs inA^, denoted by /^ , respectively. Similarly, for £gCD~, (C-ip)(X) ex- 
tends analytically into the disk bounded by A^, and (C + ip)(X) := (C-<p)(X)+ip(X) extends analytically 
into the punctured disk; therefore, they represent germs in A^, denoted by /?, respectively. Write 

ff := (C±y>)(A) C AeA , and define /± := {ftjf)^ G ff fe (A± U CD,M 2 (Q). From the construction 
above, C±: ® a e{±} H k (A a U CD, M 2 (C))— > H k {A ± U CD, M 2 (C)), and (C±<p)(\) = f ± . In this sense, C± 
are called the Cauchy integral operators with singular support AuCD. The following notion of piecewise- 
holomorphic matrix- valued function has been used throughout this paper. For an M 2 (C)-valued func- 
tion, ^(A), say, the "symbol" VE^A) := (\& c ( A) , \l/^(A))^ e D is said to be a piecewise-holomorphic matrix- 
valued function with respect to the contour A U CD if \& C (A) is a piecewise-holomorphic matrix- valued 
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function on ft \ D and 'Pf (A) is analytic at each £G D. The boundary values Mi^A), if they exist, 
of the (generalised) holomorphic matrix-valued function \I/(A) := (\I/ C (A), \I/^(A))^ e D are defined by 

f(¥c(A))+, AeA, f(*o(A))_, AeA, 

*+(A):=^* c (A), A«C, CeB- *_(A):=J * C ( A ), A«C, Ce© + , (CI) 

where (* C (A))± :=Um v^a * C (A')- Define H fc (C\ AU 2), M 2 (C)) :={*(A); *±(A)-#±(oo) GranC±}, 
and Sn k {C \ A U D, M 2 (C)) :={*(A) G ft fe (C \ A U D, M 2 (Q); det(*(A)) = 1}. 

Theorem C.1.5. £uery u(A) G SH^(K~ U D,M 2 (C)) * Si^(A+ U D,M 2 (C)) admiis an RH /oc- 
torisation v(X) := (x-(A))- 1 4(A)x+(A), w/iere X (A) G SH k (C \ A U D,M 2 (C)), 4(A) is defined in 
Theorem C.l.l, and A± eD* U \ D=F). 

Theorem C.1.6. J/AuD is Schwarz reflection invariant with respect to R, v(X) G (A~UD, M 2 (C)) 
(A+UD,M 2 (C)), w(oo)=I, Re(«(A))r AeK >0 ; and t>(A)r Ae(XucnR =a- 1 V ' s (A)r Ae(Xul)AR a 7 w/iere 
cr is a constant, invertible, finite-order matrix involution which changes the sign(s) of some (or all) 
of the elements of the matrix on which it (and its inverse) is multiplied, then all the partial indices of 
v(X) are zero, fcj = 0, i€{l,2}. In this case, the RHP for v(X) is solvable. 

Note that, for D = 0, Theorem C.1.6 reduces to Theorem C.1.4. The asymptotic analysis of the 
latter part of the above-given paradigm, related to the singular RHP (when 2)^0 and card(D) <oo), 
is the subject of the present asymptotic study. Using the results of this subsection, the very impor- 
tant Lemma 2.4 of J50), and the Deift-Zhou non-linear steepest descent method |^5| , the (rigorous) 
asymptotic analysis, as \t\ — > oo and |x| — ■> oo such that z Q := x/t ~ 0(1) and G R \ {—2, 0, 2}, of the 
RHP for m(C) formulated in Lemma 2.1.2, for 0^ = 0, was completed in pS[| . 
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